Old exam and practice exam questions Topologie en Meetkunde (WISB341).
A. Henriques

Problem 1 State the definition of a manifold.
Prove that if M and N are manifolds, then their product M x N is also a manifold.

Problem 2 State the classification theorem for compact surfaces.
Let ¥ be the surface obtained by glueing the sides of a regular 16-gon according to the following
pattern:

Problem 3 Given two natural numbers m < n, the product S™ x S™ of the m-dimensional sphere
with the n-dimensional sphere is a CW-complex with four cells.

What are the dimensions of those cells?

Describe the m-skeleton of that CW complex.

Describe the n-skeleton of that CW complex.

senions 0, m, n, and m +n. The m-skeleton is

Problem 4 State the definition of homotopy equivalence.
Prove that if X and Y are two spaces that are homotopy equivalent, then the products X x S! and
Y x S! are also homotopy equivalent.
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Problem 5 Consider a triangulation of T?#7T? such that at every vertex, exactly seven triangles
meet. How many triangles are there in total in that triangulation?

Problem 6 The surface T?#7?% admits a CW complex structure whose 1-skeleton is the following
graph:



Describe an attaching map f: S* — T such that I' Uy ey = T?#T2.

Problem 7 State the classification theorem for compact 2-dimensional manifolds (no boundary).
Consider the 2-dimensional manifold built by glueing together the following ten triangles:
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What is the Euler characteristic of that manifold?
Is that manifold orientable?
To which manifold in the classification is the above manifold homeomorphic?

Problem 8 Define what it means for two spaces to be homotopy equivalent.
Show that the following two spaces are homotopy equivalent:

— The sphere S? minus n points.

— The wedge of n — 1 copies of S!.

Problem 9 What is the definition of an n-dimensional manifold?
Prove that the space X := [0, 1] x {0,1,2}/(0,0) ~ (0,1) ~ (0,2);(1,0) ~ (1,1) ~ (1,2)

is not a 1-dimensional manifold.

Solution:  An

Problem 10 State the classification theorem for compact surfaces.
Prove (without using the above classification theorem) that the Klein bottle is homeomorphic to



the connected sum of two projective planes.

Problem 11 Exhibit an equivalence relation on the two-dimensional torus 72, whose quotient
space is the two-dimensional sphere S2.

Problem 12 The complex projective plane X := CP? is a CW complex with three cells.
What is the 2-skeleton X ) of that space?
Write down a formula for the attaching map S — X () of the 4-cell.

Solution: The 2skeleton is 5%, and t
ol + [ul? = 1} — § = CU {00} sends

map §° = {(z,w) € C?

Problem 13 State the definition of a deformation retract.
Show with explicit formulas that S! is a deformation retract of R? \ {0}.
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Problem 14 Fix a number n. Show that if there exists a triangulation of the two-dimensional
torus T2 such that at every vertex exactly n triangles meet, then n = 6.

Extra exercises:

Problem 15 Recall the definition of D™ and S™.
Prove that S™ is homeomorphic to D™ modulo its boundary.

Problem 16 Prove that a CW complex is compact iff it has finitely many cells.

Problem 17 Give the full definition of the term “manifold”
(along with a full description of the terms “Hausdorfl” and “paracompact”).

Problem 18 Prove that for n even, the manifold RP™ is not orientable.



