Homological algebra (Oxford, fall 2016)

André Henriques

Revision session on Thu. Jan. 19th, 3:00-4:30pm, in rooms C1 (3:00-3:30pm) and C4 (3:30-4:30pm).

Week 1
I recalled the notions of ring, modules, and the fact that Z-modules are the same thing as abelian
groups. The direct sum of R-modules M; is defined by

D, = {f:I—> U

i€L i€L

F(i) € M; and #£{i € T+ f(i) = Opr,} < oo}.

The product of modules M; is given by

1M = {f:I—>UMZ-
€L

i€L

1) € M}

The R-module structure is given by (f 4 ¢)(i) = f(2) +ar, 9(¢) and (r - £)(i) = r -pr, (f(2))-

An inclusion of of R-modules N C M is called split if there exists another submodule N’ ¢ M
such every element of M can be uniquely written as a sum of an element of N and an element of
N'. Ezample: the inclusion Z/2 < Z/4 is not split, but the inclusion Z/2 < Z/6 is split.

Given a ring R, the tensor product over R of a right module M with a left module NNV is denoted
M®prN. It is the abelian group generated by symbols mi ®ni+...+mi®ng, under the equivalence
relation generated by

(m+m)@n=me@n+m' @n,
men+n)=men+maen,

and mr®n=m®e rn.

A chain complex of R-modules Cy = (C),,dy)nez is a collection of R-modules C,, and R-module
maps d, : C,, — C,_1, called ‘differentials’, subject to the axiom d,, o d,,417 = 0. This axiom is
sometimes abusively abbreviated d?> = 0. A chain complex is called ezact if ker(d,) = im(d,,11).

A functor is called ezact if it sends exact sequences to exact sequences.

Exercise 1. Let R := R[z]/2z%. Prove that the obvious inclusion of R-modules R/x < R is not
split.

Exercise 2. Let R := M3(Z) be the ring of two-by-two matrices with integer coefficients. Show
that the R-module R can be written as a direct sum of two smaller R-modules.

Exercise 3. Show that if p and ¢ are distinct prime numbers, then Z/p ®z Z/q = 0.
Exercise 4. Prove that for any abelian group A, there is a canonical isomorphism A®zZ/2 = A/2A.

Exercise 5. Let R := Z[z]. Compute Hompg(R/2z, R/4) as an R-module. Show that it is isomor-
phic to R/I for some ideal I C R.

Exercise 6. Provide an example of a ring R and two modules M and N such that the abelian
group Homp(M, N) does not carry the structure of an R-module.

Week 2 A zero object is an object that admits exactly one morphism to it from any other object
and exactly one morphism from it to any other object.

A monomorphism is a morphism f that satisfies (f o g1 = f 0 g2) = (91 = ¢2). Equivalently,
it is a morphism f : X — Y with the property that whenever two morphisms ¢1,g92 : Z — X are



distinct, they remain distinct after composing them with f. Dually, an epimorphism is a map f
that satisfies (g1 0 f = g20 f) = (g1 = g2)-

The direct sum of two objects X; and X5 is an object Z equipped with maps i1 : X; — Z,
i : Xo > Z,p1:Z = X1, pa: Z — X satisfying p; oi1 =id, poois =1id, p1 0ois =0, pyoi; =0,
and i1 o p; + 9 0 py = id.

An pre-additive category is a category such that all the hom-sets are equipped with the structure
of abelian groups and such that composition Hom(z,y) x Hom(y, z) — Hom(z, z) is bilinear. An
additive category is a category which is preadditive, admits a zero object, and admits all direct
sums.

The kernel of a map f: X — Y is a morphism 4 : K — X which is universal w.r.t the property
that f oi = 0. This means the following: it’s an object K along with a morphism i : K — X
satisfying foi = 0, such that for every object K and every morphism i : K — X satisfying foi = 0,
there exists a unique morphism ¢ : K — K such that i =i o g.

Dually, the cokernel of a map f: X — Y is a morhpism ¢ : Y — C which is universal w.r.t the
property that go f = 0.

A colimit (also called direct limit) of a sequence of morphisms X; — X — X3 — ... is an
object Z along with morphisms X; — Z such that

X, X, X3 X,

all little triangles commute

and such that for every other diagram

X1 — X - X3 - Xy

all of whose little triangles commute

there exists a unique morphism Z — Z such that all the triangles in this big diagram commute:

X1 = X3 -

X2 = X4

The colimit can be denoted colim X; or limX;. Quite often ‘colimit’ means the same thing as ‘union’.
The dual notion is called a limit. It is denoted lim X; or lngZ

An additive category is called abelian if every monomorphism is the kernel of its cokernel and
every epimorphism is the cokernel of its kernel. By this, we mean that for every monomorphism
f : @ — y, the canonical morphism from z to ker(y — coker(f)) is an isomorphism (and similarly
for the second condition, which concerns epimorphisms).

An additive functor between abelian categories is called ezact if it sends exact sequences to exact
sequences, equivalently, if it sends short exact sequences to short exact sequences. Note that the



functor — ®z Z/2 is not exact: it sends the exact sequence
05Z3Z>7/2-0

to the sequence 0 — 7Z/2 2 7/2 = 7/2 — 0 which is not exact. Similarly, the functor
Homy(Z/2, —) sends the exact sequence

07237 >7/2-0

to the sequence 0 — 0 — 0 — Z/2 — 0 which is not exact. Finally, the contravariant functor
Homy(—,Z/2) sends the exact sequence

057237 57/2-0

to the sequence 0 < Z/2 & 7)2 < 7./2 + 0 which is not exact. The functors — ®7 Z/2 and
Homy(Z/2,—) and Homy(—,Z/2) are therefore not exact.

A functor F is right exact if for every short exact sequence 0 - A — B — C — 0, the
sequence F(A) — F(B) — F(C) — 0 is exact. Similarly, a functor F is left exact if whenever
0—A— B— C —0isexact, then 0 » F(A) — F(B) — F(C) is exact.

Lemma 1. The functor Homg(M, —) is left exact.
Lemma 2. The functor — ®r N is right exact.

Proof. Given a short exact sequence of right R-modules 0 — A - B 5 C — 0, we need to show
that AQg N - BRr N - C ®r N — 0 is exact. The surjectivity of B®r N — C ®r N is easy,
so let us focus on the harder argument: given an element > b; ® n; € B ®gr N that goes to zero in
C ®r N, we need to show that it comes from A @ V.

Since Y m(b;) ® n; = 0 in A®p N, there exist elements c;,, cp,, 14, ¢, N, ng, Cy, T, Ny such
that

Zﬂ'(bi) ® n; +Z(c'a + ) @ng — ¢, @ Ny — Ch DNy
A «@
+2 _ca® (nh+nf) —cg @njy — cg @
B
+ chrv Q My — Cy @ TyNy
¥
is zero in the free abelian group on the set of symbols “c ® n”. If we mod out that free abelian
group by the first set of relations (¢/ +¢’) @ n = ¢ @ n 4+ ¢’ ® n, then we get the abelian group

@,.cn C. So, another way of saying that ) m(b;) ® n; is zero in A ®r N is to say that there exist
elements cg, ns, n, ¢y, 1+, 1y such that

Zw(bi)®m+2¢:g®(ng+n'ﬂ')—c[;®nf,3—65®ng+207r7®n7—07®7’7n7:0 in @C,
7 B y nenN

where “c ® n” now stands for the element ¢ put in the n-th copy of C.
Pick preimages bg, b, € B of cg,c, € C, and consider the element

y = Zbi(g)ni—i-z:bg@(nf@—i-nfé)—b,3®n'6—b/g@ﬂ%—&—Zbﬂ,rV@nw—bW@mnw € @B.
% B ot neN

This element goes to 0 in @, . 5 C and therefore comes from some z € ), .y A.
Let [z] denote the image of z in A ®g N and let [y] denote the image of y in B ®r N. Since

x — y, it follows that [z] — [y]. We are done since [y] = >, b; ® n; in B ®pr N. O



Exercise 7. Let C be a category and let Z € C be a zero object. Prove that any morphism X — Z
is an epimorphism and that any morphism Z — X is an monomorphism.

Exercise 8. Let X; and X5 be two objects in an additive category. Let i1 : X1 — Z, i5 : Xo — Z,
p1: Z — X1, p2 : Z — Xo be morphisms exhibiting Z as the direct sum of X; and Xs. Let
i X1 > 2, iy Xo > Z' p) : Z' = X1, phy 1 Z' — X5 be morphisms exhibiting Z’ as the direct
sum of X; and X,. Show that there exists a unique isomorphism f : Z — Z’ satisfying f o4, =i},
foiy =iy, piof=pi,andphof=ps.

oo
Exercise 9. Let X;, i € N be objects in an additive category. Show that ligXl D...0X, ~ @ X;.
n =1

Show that l(iLnXl D...0X, ~ HXi'

i=1

Exercise 10. Let R be a ring. Prove that the functor R?®g — : { R-modules} — {Abelian groups}
is exact.

Exercise 11. Let C be the category whose objects are triples (A, B, f) where A and B are abelian
groups and f a homomorphism from A to B, and whose morphisms are given by

Home ((A, B, f), (A, B, ") ={g: A= A ,h: B— B'|hf = f'g}.
Show that the functor C' — {Abelian groups} which sends (A, B, f) to ker(f) is not exact.

Exercise 12. Let C be the category whose objects are free abelian groups and whose morphisms
are group homomorphisms between free abelian groups. Show that C' is not an abelian category.

Week 3
The homology of a chain complex of R-modules Cy = (C),,d,, : C;, = Cp—1)nez is defined by
ker(d,, : Cp, = Cp—1)

Hn(C.) - im(dn+1 : Cn+1 — Cn)

If C, is a chain complex in an arbitrary abelian category, the object H,,(C,) can be defined in purely
categorical terms, as the cokernel of the canonical map Cy,+1 — ker(d, : C,, = Cp—1).
Lemma: kernels are monomorphisms; cokernels are epimorphisms.

An R-module is called projective if it is a direct summand of a free module. An object P of an
abelian category is called projective if for every epimorphism A — B and every morphism P — B,
there exists a morphism P — A such that the triangle commutes:

A

P—>B
Let M be a right R-module and N a left R-module. Then:
Torl(M, N) := H;(P, @& N)

where P, is a projective resolution of M. Implicit in the above definition is the fact that Tor’* (M, N)
doesn’t depend on the choice of projective resolution.
Let M and N be R-modules (either both right modules or both left modules). Then:

Ext'a(M,N) := H'(Hompg(P,, N))

Here, P, is a projective resolution of M. Once again, the choice of resolution doesn’t matter. 4
If R = Z, then every module admits a resolution of length 1. This implies that ToriZ and Exty
vanishes as soon as ¢ > 1. This property is called ‘Z has cohomological dimension one’.



Exercise 13. Let M be an R-module. Prove that the functor Homg(—, M) : (R-Mod)°? — AbGp
is left exact.

Exercise 14 (exact functors). Let R and S be rings, let C' := R-Mod and D := S-Mod be the
associated abelian categories of modules, and let F': C' — D be an additive functor.

Assume that F' sends short exact sequences to short exact sequences. Prove that it sends exact
sequences (or any length) to exact sequences.

Exercise 15. Let k be a field, and let C' be the abelian category of k-vector spaces. Let D be an
arbitrary abelian category. Prove that every additive functor C' — D is exact.

Exercise 16 (projective modules). Let R be a ring. Prove that an R-module P is a direct summand
of a free module iff for every surjective module map p : A — B and every morphism f : P — B,
there exists a factorisation of f through p.

Exercise 17 (this was done in class, but it all went pretty fast; the point of this exercise is to fill
in the details). Let R := Z[y/—5]. Prove that the ideal generated by 2 and 1 + /=5 is a projective
R-module which is not free.

Exercise 18. Let n and m be positive integers. Compute Ext}(Z/nZ, Z/mZ) and Tor?(Z/nZ, Z./mZ).

Week 4
A morphism of chain complexes f, : C's — Do induces a corresponding morphism at the level of
cohomology groups H,,(fe) : H,(Ce) — Hy, (D).

Lemma 3. (snake lemma) A short exact sequence of chain complexes 0 — Ay — By — Co¢ — 0
(which, by definition, means that for each n the sequence 0 — A,, — B, — C,, — 0 is exact) induces
a long exact sequence in homology. See p.117 of Hatcher’s book for a proof.

Tory (M, N) and Ext’s (M, N) are independent of the choice of resolution. They can be computed
by resolving either M or N.
Let M be a right R-module and N a left R-module. Then:

Hi(P, ®r N) = H;(Tot(Ps ®r Qs)) = Hi(M Qg Q)

where P, is a projective resolution of M or @), is a projective resolution of N. The isomorphism
H;(Po®r N) = H;(Tot(Ps ®R Qa)) is the connecting homomorphism in the LES associated to the
short exact sequence

0—P,®r N — TOt(P. KR Q. — Py ®Rr N) —)TOt(P. QR Q.) — 0.

The fact that the middle term is acyclic (the words ‘acyclic’ and ‘exact’ are synonyms) follows from
the following lemma:

Lemma 4. Let Cyq be a double complex such that for every n there exists only finitely many pairs
(p,q) such that p+q=n and Cp 4 # 0. Then we have

(C.. has exact rows) = (Tot(C..) is exact)

Let now M and N be R-modules (either both right modules or both left modules). Then
Ext® (M, N) can be computed in any one of the following ways:

H'(Hompg(P,,N)) = H'(Tot(Hompg(P,,I*))) = H'(Homg(M,I*)).

Here, P, is a projective resolution of M and I°® is an injective resolution of N. Once again, the
choice of resolution doesn’t matter, neither does the choice of which of the two modules one decides
to resolve.



Exercise 19. Let a,b < n. Compute Extg(,/,» (C[z]/2, Clz]/z") and TorS®/=" (C[z] /2%, C[z] /2?).
Exercise 20. Let a,b divide n. Compute Exty ), (Z/aZ,Z/bZ) and TorZ/"2(Z)aZ, 7L VZ).

Exercise 21. Compute Ext¢(, y1/(23 2y,4%)(C; C) and Tor(f[x’y]/(’cg’w’ya)(@,(C).

Exercise 22. Prove that Z has cohomological dimension one. I.e., prove that every Z-module (not
necessarily finitely generated) admits a projective resolution of length 1.

Exercise 23. Provide an example of a ring R and a module M such that there does not exist a
projective resolution of M of finite length.

Exercise 24. Show that a short exact sequence 0 —+ A —+ B — C — 0 has an associated invariant
in Ext*(C, A).

Week 5

A module P is projective if Hompg (P, —) is exact. A module I is injective if Hompg(—, I) is exact.
A module F'is flat if — ®p F' is exact. Equivalently, P is projective if for every solid arrow diagram
there exists a dotted arrow making the diagram commute:

P

P

B c

In the same vein, I is injective if for every solid arrow diagram there exists a dotted arrow making
the diagram commute:

I

A>——>1B
Every projective module is flat. Indeed, if M = M’ & M", then we have (M is flat) < (M’ is flat
and M" is flat). Starting from the obvious fact that free modules are flat, we conclude that every
projective module is flat.
Q is a flat Z-module. That’s because Q = colim(Z SN AN RN AN ...) and for every
abelian group A we have

Q®zA=colim(A 242 424545 )

In order to check that Q is flat, one needs to check that an injective map f : A — B remains
injective after applying the functor Q ®7z —. This is a diagram chase in the diagram:

The pullback of a diagram of modules A L, ¢ & B is the set {(a,b) e A® B : f(a) =g(b)}. It

is also the limit of the diagram A — C' + B. The pushout of a diagram of modules A Lo%Bis
the quotient A ® B/{(f(c),—g(c)) : c € C}. It is also the colimit of the diagram A < C — B.

A diagram of R-modules indexed by a poset P is just a functor P — R-Mod. Concretely, this is
the data of R-modules M, indexed by P, and maps fog : M, — Mg for all a < 8 € P, satisfying

f,@’yfaﬁ = fa'y-



The limit of a a diagram P — R-Mod (where P is a poset) can be described concretely as
{(ma) € TToep Ma : fap(ma) = mg,Yo < B € P}. The colimit of a a diagram P — R-Mod is
given by @, p Mo /Span{m — fos(m) : m € M,}. Limits and colimits can alternatively be defined
by means of a universal property.

A poset is called directed if for every z,y € P, there exists z € P such that z > z and z > .
If P is a directed poset, then every element of colim,cpM, is represented by some element m of
some M,. Moreover, if P is a direct poset, then an element m € M,, represents the zero element in
colimae p M, iff there exists some 3 > o in P such that m becomes zero in Mg.

The latter fails miserably for e.g. pushout(Z/2 < Z — 7Z/3).

Exercise 25. Prove that, in the category of abelian groups, an abelian group A is flat if and only
if it is torsion-free. (The argument is essentially the same as the one which I presented in class to
show that Q is flat.)

Exercise 26. Prove that, in the category of abelian groups, if an abelian group A is injective then
it is divisible (here, divisible means Va € A,¥n € N,z € A s.t.nz = a).

For the next exercise, you may assume without proof the fact that an abelian group is injective if
and only if it is divisible.

Exercise 27. Compute Exty(Z/2Z,Z/2Z), Ext;(Z,Z/2Z), and Exty(Z/2Z,Z) using injective res-
olutions.

Exercise 28. Compute Ext(Z/27Z,7/27) using the formula H*(Tot(Hompg(P,, I*))).

Exercise 29. Compute Tor(f[“”]/162 (C,C) using the formula H,(Tot(Ps @r Qs)).

Exercise 30. Write an example of a bigraded chain complex C,¢ which fails the condition “for
every n there exists only finitely many pairs (p,q) such that p+q = n and Cp 4 # 0”, and which
also fails the condition

(C’.. has exact rows) = (Tot(C..) is exact).

In other words, you must find a bigraded chain complex C,e which has has exact rows, but such
that Tot(Ces) is not exact.

Week 6
Theorem (Baer’s criterion)
An R-module F is injective if and only if every left ideal I < R and any map I — E, the
E
extension problem T admits a solution.
I——=R
See e.g. https://ncatlab.org/nlab/show/Baer’s+criterion for a proof.

Corollary of Baer’s criterion: if R is a PID, then a module M is injective iff it is divisible, i.e. iff
for every x € M and every non-zero r € R there exists y € M such that ry = x.

An abelian category is said to have enough projectives if for every object X, there exists a
projective object P and an epimorphism P — X. Dually, an abelian category is said to have
enough injectives if for every object X, there exists an injective object I and a monomorphism
X =1

It is easy to see that for any ring R, the category of R-modules has enough projectives: take P
to be free R module on the underlying set of X (any generating set would also do).

Showing the R-mod has enough injectives is much harder. Given an R-module M, let S denote
the set of all pairs (I, f), where I is an ideal of R, and f : I — M is an R-module homomorphism.



We write M’ for the following pushout:

=

M — s

i —
@ [ —— @ R
(I,f)es (I,f)es

Write My := M and M,y := (M,,)’. If every ideal is finitely generated, then M, := colim(My —

My — Ms — ...) is an injective module. It obviousely contains M as a submodule. To show that

M, is injective, we use Baer’s criterion. Using the fact that every ideal is finitely generated, every

map f : I — M factors through some finite stage of the colimit, let’s say f : I — M,. The
Mn+1

.
extension problem will then admit a solution at the next stage: fT 3 . Here, the map
I——R

Mn - Mn+1

ol |

R — M, 1 comes from @ J— @ R, where the bottom vertical maps I — @(ny) I and
(I,f) (I,f)

! T

I—R

R — @ j) R are the inclusions of the summands indexed by (I, f).

For general rings, i.e. without the condition that every ideal is finitely generated, then a similar
construction can be made to work, provided one replaces colim,cnyM,;, by a colimit indexed over all
ordinals which are small than a suitably chosen cardinal. Let A be the smallest cardinal which is
bigger than the cardinality of R. For every ordinal o with |a| < A, define inductively My := M,
My == (Mp)" if « = 8+ 1, and M, := colimg.o Mg if a is a limit ordinal. Then colim|q <M, is
an injective that contains M as a submodule.

Week 7

Let A and B be abelian categories. Assume that A has enough projectives. Let ' : A — B
be a right exact functor. The nth left derived functor of F, denoted L, F : A — B is defined by
X — H,(F(P,)), where P, — X is a projective resolution. Let us now assume that A admits
functorial projective resolutions. The total left derived functor of F, denoted LF : A — Ch(B) is
defined by X — F(P,). Here, Ch(B) denotes the category of chain complexes in B.

Assume now that A has enough injectives and that F': A — B is a left exact functor. The nth
right derived functor of F, denoted R"F : A — B is defined by X — H"(F(I*)), where X — I® is
an injective resolution. Let us now assume that A admits functorial injective resolutions. The total
right derived functor of F, denoted RF : A — Ch(B) is defined by X — F(I*).

Two chain maps f,, ge : Co — D, are chain homotopic if there exists a degree —1 map h : Cy —
D, satisfying hd4+dh = f—g. The notion of chain homotopy is made so that whenever f, : Ce — D,
and ge : Cy — D, are chain homotopic maps, then H,(fe) = H.(ge) : Hi(Co) = Hi(D,).

1

If I, denotes the “interval” chain complex I, = (Z2 g Z), then a chain homotopy between
two maps Cy — D, is the same thing as a map tot(Ce ® I,) — D,. This is reminiscent to the
situation in topology, where a homotopy between two continuous maps X — Y is defined to be a
map X x [0,1] = Y.



Exercise 31. Prove that {(ma) € [Tocp Ma ¢ fas(ma) = mg,Va < B € P} satisfies the universal

property of a limit, and that @, p Ma/Span{m — fas(m) :

property of a colimit.

m € M,} satisfies the universal

Exercise 32. Consider the following two proofs (you may take P = N if you want):

Lemma A: Let {M,}ocp be a diagram of R-
modules indexed by some directed poset P. Then
we have a canonical isomorphism

Tor,, (colim M, N) = colim Tor,,(M,, N).

Proof. Let FQ be the canonical free resolution of

M,. Then F, := colim,cpF¢ is the canonical
free resolution of M := colimy,epM,. We then
have

colimgep Torf(Mm N)
=colimyep Hy(FY @p N)
= H,(colimyep(F @r N))
= H,((colimyep F&) @r N)
=H,(F, ®p N) = Tor*(M, N). O

Lemma B: Let {M,},cp be a diagram of R-
modules indexed by (the opposite of) a directed
poset. Then we have a canonical isomorphism

Ext"(colim M, N) = lim Ext" (Mg, N).

Proof. Let F& be the canonical free resolution of

M,. Then F, := colim,ecpF¢ is the canonical
free resolution of M := colim,cpM,. We then
have

limgep Ext?(M,, N)
=limyep H"(Hompg(Fy, N))
— H" (limaep(Homp(F2, N)))
= H"(Hompg/(colim,epF¥, N))
= H"(Homp(F,, N)) = Ext,(M,N) O

Lemma A is correct and its proof is correct, but Lemma B is wrong and its proof is flawed. Find the
error in the proof of Lemma B, and illustrate the mistake by providing a counterexample. Explain
(by filling the details of the proof) why the corresponding step in the proof of Lemma A is ok.

Exercise 33. Prove that a Z-module is injective iff it is a (possibly infinite) direct sum of modules

of the form Q and Z[%]/Z.

Exercise 34. Let K be an algebraically closed field. Prove that a K[z]-module is injective iff it is
a (possibly infinite) direct sum of modules of the form K[z] and K[y,y~!]/K[y] for y = 2 — a and

a€ K.

Exercise 35. Let P be a directed poset.

Prove that the category whose objects are functors

P — AbGp and whose morphisms are natural transformations between such functors has enough

projectives.

Exercise 36. Prove that the relation of chain homotopy is an equivalence relation.

Week 8

The total (co)chain complex of a bigraded (co)chain complex comes in two flavours: toty and totg.

If A < P, and B < Q, are projective resolutions, then the cochain complex totyy ( Hom(P,, Q.))

computes Ext(A, B).

Using this fact, the composition of homomorphisms Hom(A4,
induces a well-defined map Ext’(A, B) ® Ext’/ (B, C) — Ext'*/ (4,

B) ® Hom(B,C) — Hom(A,(C)
(). In particular,

Ext*(A, A) := @D Ext'(4, A)
1=0

is a ring.

Writing Hom(Cl, D,) := totyj( Hom(C,, D,)), we have a canonical isomorhpism

degree (—n) chain maps Cy — D,

ar (@(C,, D.)) -

maps which are chain-homotopic to zero




We performed the following Ext-ring computations in class:

o Extyy1(k, k) = k[y]/y?, with y in degree 1.

® Extya)/(22)(k, k) = k[y], with y in degree 1.

o Extyy)/ ) (k. k) = k[y, 2]/ (y?), with y in degree 1 and z in degree 2.

o Extyy,y(k, k) = k(y, 2)Jy?, 2%, yz = —zy, with both y and z in degree 1.

Exercise 37. Compute the Ext-ring Extz(Z/2,Z/2).

Exercise 38. Compute the Ext-ring Exty,4(Z/2,7Z/2).
Exercise 39. Compute the Ext-ring Exty/s(Z/2,7Z/2).

Exercise 40. Compute the Ext-ring Exty,)(Z/2,7Z/2).
Exercise 41. Compute the Ext-ring Exty,)(Z/3,7Z/3).
Exercise 42. Compute the Ext-ring Extz,),(.2)(Z/2,Z/2).



