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Introduction

There are two things which go by the name “conformal field theory” (CFT), and which are
quite distinct: Chiral conformal field theories and Full conformal field theories. A chiral
conformal field theory is not a full conformal field theory, and a full conformal field theory
is not a chiral conformal field theory. Instead, they are related by constructions

anti-chiral part

Chiral conformal diagonal Full conformal complex
field theories field theories conjugation

W

In these notes, we will be dealing with chiral conformal field theories only.

There exist three mathematical formalizations of the concept of chiral conformal field
theory:
e Vertex operator algebras,
xCFT e Conformal nets, and

e Segal CFTs.

Terminology warning: Whereas the term ‘vertex operator algebra’ (VOA) unambiguously
refers to chiral CFTs, there exist variants of the notions of conformal net and of Segal
CFT which model the notion of full CFT. In order to avoid any ambiguity, it is therefore
preferable to use the terminology ‘chiral conformal net’ and ‘chiral Segal CFT’. (There
also exits a variant of the notion of vertex operator algebra which formalizes full CFTs,
and which goes by the name ‘full field algebra’.)

Note: Graeme Segal himself uses the term ‘weakly conformal CFT” for what we call here
a chiral Segal CFT.

The notions of vertex operator algebra, of chiral conformal net, and of chiral Se-
gal CFT are expected/conjectured to be equivalent, provided appropriate qualifiers are
added. Note that these notions cannot be completely equivalent because:

e Unitarity is built into conformal nets, but not into VOAs, nor Segal CFTs.

e Rationality is built into Segal CFTs, but not into VOAs, nor conformal nets (ratio-
nality is a certain finiteness condition that a chiral CFT might or might not satisfy).

e There exists a certain equivalence between Segal CFTs called infinitesimal equiva-
lence. Infinitesimally equivalent Segal CFTs model the same physics and should therefore
be treated as ‘the same’.

We propose:

Conjecture 1 (i) There is a bijection

unitary VOAs < chiral conformal nets.
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(ii) There is a bijection

chiral Segal CFTs up to

rational VOAs <& . .0 .
infinitesimal equivalence.

(iii) There is a bijection
rational conformal nets < unitary chiral Segal CFTs.

There exist a couple of constructions in the literature which connect VOAs, chiral
conformal nets, and chiral Segal CFTs. But these constructions only work in special
cases, and it is fair to say that the above conjecture is wide open.

These notes will be focusing mostly on chiral Segal CFTs, which is the least devel-
oped of the above three mathematical formalizations of chiral CFT (for example, the only
chiral CFTs which have been constructed so far, or proven to exist as Segal CFTs are free
field CFTs). But this is also, in some sense, the most powerful one of the above three
formalisms, and we expect that it should be easy (in comparison to other constructions)
to construct a VOA or a conformal net from a chiral Segal CFT.

Complex cobordisms

The definition of Segal CFT (from now on, ‘Segal CFT’ = ‘chiral Segal CFT”) is based
on the notion of complex cobordism.

Before talking about complex cobordisms, let us first describe the notion of a Riemann
surface with boundary. Let H := {z € C|Im(z) > 0} be the complex upper half plane,
and let H := {z € C|Im(z) > 0} be its interior.

Definition: A Riemann surface with boundary is a ringed space (3, Oyx,) which is locally
isomorphic to (H, Oy), where Oy is the sheaf on H given by

On(U) := {f:U—>(C

flynm is holomorphic,
3V Cc Copen and g € C*(V) s.t. f =glu

for U C H an open subset.

By aclassical result known as Borel’s lemma, for an open subset U C H, the condition
that a function f : U — C be the restriction a C* function defined on some open V' C C
is equivalent to f being smooth all the way to the boundary. Here, ‘smooth all the way
to the boundary’ is just the usual notion of smoothness, adapted to the case of manifolds
with boundary (when writing down the limits which are used to define the derivative of
a function, restrict the domain of the limit to just one side if necessary, so as to not fall
outside of the manifold).

An equivalent definition of the sheaf Oy is to declare Oy (U) to be the set of continu-
ous functions on U which are holomorphic when restricted to U N H and smooth when
restricted to U N OH:

_ 0 flyam is holomorphic,
Oull) = {f €U0 flunem is smooth ‘



The equivalence between the above two definitions of Oy will be proven below, in Lemma 2.
We first state an important theorem:

Theorem. (Riemann mapping theorem for simply connected domains with smooth bound-
ary) Let D C C be a compact simply connected domain with smooth boundary. Then
there exists an isomorphism

D =D:={zeC: |z|<1}

which is holomorphic in the interior, and smooth all the way to the boundary. Moreover,
that isomorphism is unique up to an element of

Aut(D) = PSU(1,1) = {z — % Hal® = b]* = 1}.
Lemma 2 Let U C H be an open subset, and let f : U — C be a continuous function

such that f|;g is holomorphic and f|unon is smooth. Then f is smooth all the way to
the boundary.

Proof. Letx € U N OH be a point, and let D C U be a neighbourhood of = which is
compact, simply connected, and with smooth boundary:

Lety : D — D be a uniformizing map. The function g := v* f is continuous, holomor-
phic in the interior of I, and smooth on the boundary/"\. The Taylor coefficients a,, of

g(z) = > a,2" satisfy

n = 3 |z\:r9(2)2_("+1)d2 forany r < 1
- ﬁ |2|=1 g(z)z~ " dz since g 1s continuous
(k) —(n—
= s 39 B (Glon) T (2)2F YAz Wk <.

It follows that |a,| < -7 - 1(g]5p)*]|so- The coefficients a,, decay faster that
any power of n, so g(z) is smooth all the way to the boundary. The same therefore holds
for f around .

/\ There is a gap in the above proof, because we don’t know that f|sp is smooth at the
two boundary points of the interval [a,b] := 0D N JH. But we can fix that gap. Let

h € Oy (H) be an auxiliary function with zeros of infinite order at a and b (for example,
1+i  1+i ~ -
h(z) = e Ve vz=t). We run the same argument with f := hf (the function f|sp is

now smooth at a and b because it vanishes to infinite order), deduce that f is smooth all
the way to the boundary, and divide by A to get our result. 0
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We’ll be distinguishing two types of complex cobordisms. There’s the ones which
we’ll be calling ‘thick complex cobordisms’, and there’s the ones which we’ll be calling
‘complex cobordisms with thin parts’. Thick complex cobordisms are special cases of
complex cobordisms with thin parts.

Definition: A thick complex cobordism is a Riemann surface with boundary equipped
with a decomposition of its boundary into a disjoint union 0% = 0;, % LI Oy -

'
J
5>

Om aouL b))

We equip 0,2 with the orientation induced by that of 3, and we equip 0;,> with the
opposite of that orientation.

More generally, given oriented 1-manifolds S, and S, a (thick) complex cobordism
from Sy to Sy is a triple (3, Qin, Pout) Where X is a complex cobordism as defined above,
and pi, © S1 = 02 and Qoyy  So — Op s are diffeomorphisms.

The following result is quite non-trivial. We will not prove it in these notes.

Theorem. (Conformal welding) Let >, and Y be thick complex cobordisms, and let
@ : i1 — Oy 22 be an orientation preserving diffeomorphism. Then (21U¢22, Ox,u ¢22)
with

Oin(X1 Up X2) = 0in X2,  Oout(X1 Up Xa) = Opu 21,
Osyu,5.(U) = {f: U = C| fluns, € Os,(UNY), fori=1,2}

is a thick complex cobordism. Moreover, the image of 0;,,3; inside 3, Uy, (equivalently,
the image of 0,,;22) is a smooth curve.

The non-trivial claim is that the ringed space (3; Uy Yo, Ox,u,x,) is isomorphic to
(C, O¢) in a neighbourhood of the image of 0y, Y.

One big problem with the above definitions is that they do not allow for identity cobor-
disms. This is addressed by the following variant:

Definition: A complex cobordism with thin parts is a ringed space (3, Oy) equipped
with two subspaces 0;,% C X and Oy C X (typically not disjoint), which is locally
isomorphic to (X?, Oxz) for some a < b as below.



Here, given two smooth functions a,b : R — R satisfying a < b, we set

Xo = {z+iy € Cla(z) <y < b(x)},
On(XY) = {x+ia(x)|x € R}, Dpu(X?) = {z +ib(x) |z € R},

O (U) = {f U f|Um)2'g is holomorphic, } T

3V Cc Copenand g € C(V) s.t. f = glu
where X .= {z + iy € Cla(z) <y < b(z)}.

1R

—

y:b(l‘) 8out)(g

y=a(x)

R

Once again, a complex cobordism from Sy to Sy is a triple (X, in, Pour) Where ¥ is
as above, and p;y, © S1 — 0> and Yoy + So — Oy are diffeomorphisms.

The following is an example of a complex cobordism with thin parts:

An equivalent definition of the sheaf O, is to declare Jout

2)

Oxg(U) = {f c C«O(U7 C) f|Um)°(g is holomorphic, }

floran,xp and f|una,..x» are smooth

Proposition. (Conformal welding for complex cobordism with thin parts) Let >, and
Y5 be complex cobordisms with thin parts, and let ¢ : 9;,%1 — 0,22 be an orientation
preserving diffeomorphism. Then (¥; Uy X5, Osx,u,x,) With 9,(31 Uy Xo) = 0in X,
Oout (X1 Up Xg) = Oput X1, and

Os,u,5.(U) = {f: U = C| fluns, € Os,(UNY), fori=1,2}

is a complex cobordism with thin parts.

Sketch of proof. (modulo the proof of conformal welding). The problem being local,
we may assume that 3 = X, := X’ U {oo} and 5, = Y? = X?U {cc}, for some

functions a, b, ¢,d : R — R which are compactly supported. Write
X=XnX', ad X=X nX"_.

The curve 71)_00 Usg X has genus zero, and is therefore isomorphic to CP'. Pick an
isomorphism v : Yb_oo Uy X, — CP'. The image of &thb_OO under 1) (equivalently,
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the image of 8in7§o under 1)) is a smoothly embedded curve. By the Riemann mapping
theorem for simply connected domains with smooth boundary, the map 1/1|yb i1s smooth

all the way to the boundary (and holomorphic in the interior). The same holds for )|

It follows that ¢(am72) and ¢(80utYZ) are smooth curves in CP' (being the image of a

smooth curve under a smooth map). The space 72 Uy Yf can be therefore identified with
the subset of CPP* that lies between these two curves.

It remains to identify the sheaf OYZ X with the sheaf of functions on that subset
which are holomorphic in the interior, and are the restriction of a smooth function on
some open of CPP*. This is difficult to do with the definition (1) alone, but it is easy to do

once we know the equivalence between (1) and (2). ]

Full CFT versus chiral CFT

A concrete linear category is a pair (C, U) consisting of a linear category C together with
a faithful functor U from C to the category of topological vector spaces [Think: C is the
category of representations of a group or an algebra, and U the functor which sends a
representation to its underlying vector space]. A concrete functor (C1,U;) — (Cy, Us)
between concrete linear categories is a pair consisting of a linear functor /' : C; — C5 and
a linear natural transformation

A full Segal CFT is a symmetric monoidal functor from the category of complex
cobordisms (or rather, a certain central extension of that category by R ) into the category
of topological vector spaces. By contrast, a chiral Segal CFT is a symmetric monoidal
functor from the category of complex cobordisms (no central extension) into the category
of concrete linear categories. It comes with an extra piece of structure which ensures that
the functors (just the functors, not the concrete functors!) associated to annuli are trivial,
and there is also a holomorphicity condition.

The word chiral in ‘chiral CFT’ refers to that last holomorphicity condition.
Let us be precise with what we mean by an “annulus”:

Definition 3 Given a circle S (a manifold diffeomorphic to S*) let

partially thin complex cobordisms A
Ann(S) = { + orientation preserving diffeomorphisms
Pin - S i> ainA; Pout - S i> aoutA

Oput A — A are
htpy equivalences

OinA — A and
} 150

be the semigroup of annuli with boundary components parametrized by S, with operation
given by composition of cobordisms (conformal welding).
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The semigroup of annuli admits a certain central extension
0 — C*xZ — Ann(S) — Ann(S) — 0

which depends on a number ¢ € C called the central charge (for rational chiral CFTs, the
central charge is always an element of QQ).

Definition: A chiral Segal CFT consists of:

(1.a) For every closed I-manifold S, a linear category C(S) isomorphic to Vecg] for
some v € N. The assignment S — C(S) is symmetric monoidal with respect to
disjoint union of 1-manifolds, and tensor product of linear categories.

(1.b) For every closed 1-manifold S, a faithful functor U : C(S) — TopVec. The as-
signment S — U is a symmetric monoidal transformation from S +— C(S) to the
constant 2-functor S — TopVec.

(2.a) For every complex cobordism ¥, a linear functor Fy, : C(0i,2) — C(Oouws2). These
functors are compatible with the operations of disjoint union, identity cobordisms,
and composition of cobordisms.

(2.b) For every complex cobordism %, and every object A € C(0y,X), a linear map Zs, :
U(N) — U(Fs(X)). The maps Zs, are compatible with the operations of disjoint
union, identity cobordisms, and composition of cobordisms.

(3.a) Forevery A € Aﬁn(S), a trivialization T'; : Fy — idc(s). The T'; are compatible
with identities and composition, and the central C* acts in a standard way.

(3.b) Forevery \ € C(S), the map which sendsﬁ] to the composite U(Ts)oZy, : U(V) —
U(Fs(V)) — U(V) is continuous on Ann(S) and holomorphic on its interior.

We summarise the above definition of chiral Segal CFT in Table 1, on the next page.

The items in the first column of that table [items (1a), (2a), (3a)] correspond to the notion
of a modular functor.! In that column, everything is finite dimensional; everything is
topological.

The items in the second column [items (1b), (2b), (3b)] correspond to the notion of a
twisted field theory (the modular functor is the twist). If we were to remove the twist,
then we would be left with a single topological vector space for every 1-manifold .S, and
a single linear map for every complex cobordism.

The two items in the first row [items (1a), (1b)] correspond to the idea that, for every
1-manifold S, there is an associated algebra A(S). That algebra is called the algebra of

I...at least conjecturally (I say ‘conjecturally’ because I don’t think that this particular definition has ever
been compared to the other definitions of modular functor.)



observables, and can be defined as the algebra of endomorphisms of the functor U. In
more down-to-earth terms, the algebra of observables is given by

AS)= B End(U(N)
AeC(S)
A is simple
where the sum ranges of a set of representatives of the isomorphism classes of simple
objects of C(S). Provided we restrict appropriately the class of representations that we
allow, we can recover C(.5) as the category of representations of A(.S):

C(S) = Rep(A(S)).

Finally, the two items in the third row [items (3a), (3b)] correspond to the idea that Hy,
depends fopologically on Y (this means, in particular, that if 33; and 3, are diffeomorphic
cobordisms, then Hy, and Hy, are isomorphic bimodules), while 2y, € Hy depends
holomorphically on ..

The two items in the second row [items (2a), (2b)] correspond to the idea that, for
every complex cobordism ¥, there is an associated A(Dyy2)-A(0;,,2)-bimodule Hy,
equipped with a distinguished ‘vacuum vector’ {25y, € Hy,. One recovers F¥; as the functor
Hy, ® 4(5,,5) —» and Zy; as the operation of tensoring with {2y

FZZHE®— ZE:Qz®—.

DEFINITION (SKETCH): CHIRAL SEGAL CFT

(1a) (1b)

For every 1-manifold 5, A ‘“forgetful’ functor
a category C(.59). U:C(S) — TopVec.
(2a) (2b)
For every cpx cobordism 3, For every A € C(0;,%),
a functor a linear map
Iy C((?mE) — C(ﬁoutZ). s U()\) — U(FE(/\))
oy Y For every A € C(9),
For every A € Ann(S5), i the map
a trivialization Ann(S) — End(U(N))
TA:FA%idC(s). A HU(TA)OZA

is holomorphic.

Table 1.



The definition of (rational) chiral Segal CFT

In the previous section, we provided a summary of the notion of chiral Segal CFT. Here,
we spell out all the details for the convenience of the reader. Recall that rationality is built
into the definition of chiral Segal CFT. As before, we organise the definition into six parts,
labelled (1a), (1b), (2a), (2b), (3a), (3b).

Main definition
A (rational) chiral Segal CFT of central charge ¢ consists of:

(1a) For every closed (compact, smooth, oriented) 1-manifold S, a category C(S),

r

isomorphic to Vec:”] for some r € N which depends on S.

[Think: There is a certain group or algebra associated to S, and C(S) is the category
of representations of that group or algebra (r = number of irreps.)]

For every pair of 1-manifolds S;, Sy there is a bilinear functor C(S;) x C(Sz) —
C(S1USs) : (A, p) — A ® p which induces an equivalence of categories

C(S1) ®C(Sy) — C(S; U Sy).

Here, given two linear categories C and D isomorphic to Vec;, their tensor product
C ® D has objects of the form € ¢; ® d; for ¢; € C and d; € D, and hom-spaces given by
Homegp (P ¢; @ di, D ¢; ® dj) = D,; Home(c;, ¢;) @ Homp(d;, d).

We also have an equivalence Vec; 4. = C(h): Cw 1.

There is an associator (A ® ) ® v — A® (1 ®v), unitors 1@ A — Aand A® 1 = A, and
a braiding A ® = 4 ® X [we omit the isomorphisms (S; U S3) U Sy = S) LI (S, LU Ss),
PusS =S, Sud=S, and S; LISy = Sy LIS, ] which are natural (i.e. for any morphisms
A= N, u— i/, v — 1/ the following diagrams commute

Nepeor — Nou)ev 18N —— 19N ARl —— N1 A@pu —— Ny
AR (per) —— N W) AN —— N A — N AN —— N )

and subject to the well-known pentagon, triangle, hexagon, and symmetry axioms (the
same axioms which appear in the definition of a symmetric monoidal category):

MW e (LN @y —> p@(AQv)
((/\@;l)‘%l/)@"/)/) \)\§C‘<;L®(V®p)) A®p AN@p) v e H®A
\ / AN ~ e PN

A@pev)ep — AR (L®v)®p) (Aelep —— Ao A@ (pev) — (V)@ A rep =—— e

(1b) For every closed 1-manifold S, a faithful functor U : C(S) — TopVec which
equips C(S) with the structure of a concrete category.’

’Depending on the type of topological vector spaces one works with, one might want to modify the
notion of tensor product accordingly.
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If C(S) = Vec, so that an object can be written as an r-tuple of finite dimensional
vector spaces, then the functor U is always of the form (V1,...,V,) — @V, @ W;, where
the W; are typically infinite dimensional.

The forgetful functor satisfies U(A ® p) = U(A) ® U(u) and U(1) = C, naturally in
A and p, and compatibly with the associator, unitors, and braiding:

Ueper = UNeUw) eUr)  ULeUN = Ul UNeUl) = Uhel)  Ulep = UN@UQW
! l [ ! I ! ! !
UAe uev) = UNe Uk eUv) COUN) — U UN)®C — U\ Uper) = U oUn)

(2a) For every complex cobordism with thin parts > from S; to 55, a linear functor
FE : C(Sl) — C(Sg).

If ¥ and > are complex cobordisms from S; to S, then for every biholomorphic
map ¢ : ¥ — Y’ such that ¢|s, = id and ¢|g, = id, we have an invertible natural
transformation Fy, = Fyv, compatible with composition of maps.

We also have invertible natural transformations F ; = id¢(s), Fx,us, = Fx,0Fy,, and
Fy 5, = Fy, ® Fy,. They are natural with respect to biholomorphic maps of complex
cobordisms, and make the following diagrams commute:

Figus — FigoFy Fyyg — Fro g Fig i, — Fig, ® Fig, Fyyusyusy — Fy, 0 Fryus,
! ! ! ! ! ! ! !
Fy, = ide)ofy Fy = Fyoideg ide(s,usy) — idegs)) ®idegsy) Fyus, 0 Fyy, — Fy 0 Fy, 0 Fy,
Fop —> Fs ®idvec Foiusaus, —— P, © Fryus, Fumueuny) —— Foom ® Fyus, Frus, —> Fr, ® Fy,
N/ l ! l ! ! !
Fy Frux, ® Fo, = Fr, @ Fy, ® Fy, Fuusy 0 Fopusy, — (Fy, 0 Fy,) @ (Fyy 0 Fy) Fous, —> Py, @ Fy,

(The astute reader will have noticed that the above diagrams are a bit sloppy: the func-
tors being compared don’t always have the same domain/codomain. Fixing them is not
difficult, but would make them very bulky.)

(2b) For every complex cobordism with thin parts > from S; to S; and every
object \ € C(5;), a continuous linear map Zy, : U(\) — U(Fx())).

The maps Zy, are natural in A. They’re also natural in X, meaning that for every
biholomorphic map ¢ : ¥’ — X fixing S; and S5, and every A € C(S7), we have a
commutative diagram

U\ %

Il 1%

sy

U(F()

U\ U(Fo(N)

We also have Z14 = idy(y), Zx,us, = 2y, © Zy,, and Zy 5, = 2y, ® Zx,. (Some
isomorphisms have been omitted for better readability. For example, the last equality
should say that the following diagram is commutative:

Zsyuss

U@ p) s (@ n)
14
H U(Fs, ()  F, (1)

Iy, ® Zy, I
UM @U(p) —— U(Fx, (V) @ U(Fy,(p)) )
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Before describing items (3a) and (3b) of the definition of chiral Segal CFT, we need a
couple of facts about Diff (S) and its “complexification”, the semigroup of annuli Ann(S).

Let S be a circle (a manifold diffeomorphic to S') and let Diff(S) be its group of
orientation preserving diffeomorphisms, and let Ann(.S) be the semigroup of annuli with
boundary components parametrized by S. There is an obvious embedding

Diff(S) < Ann(S5)
which sends a diffeomorphism ¢ to the completely thin annulus (A=S, ©;, =¥, Pour=1d).

We will postpone the proof of the following proposition until after the definition of
chiral Segal CFT is completed:

Proposition. The group Diff(S) admits a universal central extension in the category of
Fréchet Lie groups, and the center of that universal central extension is canonically iso-
morphic to iR @ 7.

The semigroup Ann(S) admits a universal central extension in the category of com-
plex Fréchet semigroups®, and the center of that universal central extension is canonically
isomorphic to C & Z.

Writing BYZDiff (S) for the universal central extension of Diff(S), and “®ZAnn(S)
for the universal central extension of Ann(S), we have a commutative diagram

0 — iR®Z — RILDIfF(S) —— Diff(S) —— 0

! l |

0 —— Ca»Z —— “®ZAnn(S) —— Ann(S) — 0

where each vertical arrow is the inclusion of a group into its “complexification”.

Given a complex number ¢ € C (this will later be the central charge of the CFT), we
can form the associated central extension

0 —— C®Z —— “®ZAnn(S) —— Ann(S) —— 0

<) |
t r
(e*,n)

0 — C*®Z — “%Anmn.(S) — Amn(S) — 0

where ©“®ZAnn,(9) is defined as the pushout. Assuming ¢ € R (the central charge of a
rational CFTs is always a rational number), we can also form the central extension

0 — iR®Z — BLDiF(S!) — Diff(S') — 0

(zm) J [
1
(¢°%,m) "

0 — U(l)®Z — VWLDiff (ST) — Diff(S') — 0

3 A semigroup in the category whose objects are closed subspaces of complex Fréchet manifolds /e.g., a
Fréchet manifold with boundary, or with corners], and whose morphisms are restrictions of smooth maps.
(/\I hope that my description of the morphisms is right.)
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which sits as a subgroup Y WELDIff,(SY) C ©*¥ZAnn,(S).

We can now finish the definition of chiral Segal CFT of central charge c (the items
(1a), (1b), (2a), (2b) didn’t depend on ¢, which is why we only mention it now):
(3a) For every circle S, every annulus A € Ann(S), and every lift Aet ®ZAnn,(S),
a trivialization 7 : F4()\) = \.

[Think: ‘the map . — Fy; is topological.’|
These should satisty 71, = id and T4, 5, = T4, © T, (omitting the isomorphism
Fyua, = Fa, o Fy, for better readability). Moreover, the central C* should act in
the standard way: 7T, ; = z - T'; for every z € C*.

(3b) For every circle S and every object A\ € C(.S), the map

C*®Z Ann,(S) End(U (X))

uf Za v U(T;) (3)
i o= (D) S UEp) =5 UW)

is holomorphic (holomorphic in the interior, and smooth all the way to the boundary?).
[Think: ‘the map A w— Z 4 is holomorphic.’]

The vacuum sector and its symmetries

LetD:= {2z € C : |z| <1}, and S! := JD. Given a chiral Segal CFT, let us define the
unit object

1eC(sh

to be the image of 1y := C € Vec; 4, = C(0) under the functor Fy, : C(9;,D) = C(0)) —
C(0,usD) = C(SY). We define the vacuum sector Hy of the CFT to be the underlying
vector space of 1:

The vacuum sector comes with a vacuum vector
4 Q.= ZIDJ(1> € HO

defined as the image of 1 € C under the map Zp : C = U(ly) — U(Fp(1ly)) = U(1).
More generally, given a complex cobordism Y with empty incoming boundary, we get a
vector space Hy, := U(Fx(1ly)), and a vacuum vector

Qs = Zg(l) € Hs.

“Depending on the type of topological vector spaces that one uses, it might be appropriate to only
require the map A — U(T';) o Z 4 to be continuous for the topology of pointwise convergence, as opposed
to smooth all the way to the boundary.
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Remark. In examples of interest, the unit object 1 € C(S?) is always a simple, equiv-
alently, the vacuum sector Hy is an irreducible A(S')-module, but this property is not
guaranteed by the axioms. A chiral Segal CFT with that property is called irreducible.

Given a finite collection (C;, U;, F;, Z;, T;) of irreducible Segal CFTs of same central
charge, their direct sum is defined on connected manifolds by S — (€D C;(S), P U;),
Y (DFis Zix), A = @ T; 5, and is defined on disconnected manifolds to be the
tensor product rule of what the theory assigns to each connected component. Every chiral
Segal CFT is a direct sum of irreducible ones, and that the direct sum decomposition is
canonical. In that sense, the study of chiral Segal CFTs completely reduces to the study
of irreducible ones.

Given an object A € C(S?), weW H)y := U(\). If A is irreducible and
A 2 1, we call this a charged sector of the CFT.

The vacuum sector depends functorially on the disc ). The automorphism group
Aut(D) = PSU(1,1) therefore acts of Hy. And since the construction of Q2 € H, also
depends functorially on D, it is invariant under the action of that group:

Qe HiSUOY,

But there is a much bigger (semi)group which acts on H, [we’ve set up things in such a
way that all these actions are right actions]. First of all, by the construction described in
(3), the semigroup ©“®ZAnn,(S) acts on the right on Hj. But there is another semigroup
which also acts. Let us define the semigroup of univalent maps of the disc by:

Univ(D) := {¢ : D — D | is an embeddings}.

There is an obvious embedding Univ(D) < Ann(S') which sends an element i) €
Univ(D) to the annulus Ay := (D \ (D), pin = ¥|on, Pour = id ). It satisfies Ay, op, =
Ay, U Ay,. The action of 1) on Hy, is then given by

Hy = U(Fo(lg)) —2 U(Fa, Fo(1g)) = U(Fa,on(l) = U(Fo(l) = Ho. ()

We prove the next lemma under the assumption that the Segal CFT is irreducible (the
statement also holds true without that assumption):

Lemmad Let ¢y : D — D be a univalent map, let A be its image in Ann(S), and let
A € ©*ZAnn,(S) be an arbitrary lift. Then the actions of A and of 1 on H, given by
(3) and (4), respectively, agree up to scalar.

Proof. Write Sy, for the isomorphism Fiu, Fi(19) = Fa,un(lp) = Fp(lp). By defi-
nition, the actions of A and 1 are given by U(T;) o Z4 and U(S,,) o Z4, respectively.
Since 1 = Fp(1p) € C(S) is a simple object, there exists a constant a € C* such that
Ti=a-Sy. Itfollowsthat U(T4) 0 Zs =a-U(Sy) o Za. O
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Summarizing, we have the following four (semi)groups which all act compatibly on
the vacuum sector of a CFT. The ones in the top row act honestly (i.e., without central
extension), whereas the ones in the bottom row only act projectively:

PSU(1,1) — Univ(D) \«— act honestly on H,

Diff(S') < Ann(S') D<}— only act projectively

Let ZPSU(1, 1) denote the universal cover of PSU(1, 1), which is also its universal cen-
tral extension. Similarly, let us write ZUniv (D) for the universal cover of Univ(D). The
inclusion Univ(D) < Ann(.S) induces a map of central extensions

0 Z ZUniv(D) —— Univ(D) — 0

ool | |

0 — C*®Z — “®2Anmn.(S) — Anmn(S) — 0

By Lemma 4, the restriction of the action of ©*®”“Ann.(S) on H, to the subsemigroup
ZUniv(D) descends to the quotient Univ(DD). So the action of ©*®2Ann,(S) on H de-
scends to

Ann,(S) := " ®ZAnn,(S)/Z.

Let also:
YDift,(S) := YWPLDifE,(S)/Z.

All in all, the following (semi)groups act on the vacuum sector of any chiral CFT:

PSU(1,1) <= Univ(D)
I !
UDiff,(S') < ©*Ann.(S")

This should be contrasted with the case of charged sectors, where it’s only the following
(semi)groups which act:

ZpSU(1,1) < ZUniv(D)
! !
U(l)EBZDiﬂC(Sl) ey CX ®ZAnnc(Sl)

Let A € C(S") be a simple object, and let H, = U()) be the corresponding charged
sector. For A in the kernel of the map “®ZAnn(S) — Ann(9),

A € ker (“®”Ann(S) — Amn(9)) = CaZ,
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since Fy and Z 4 are trivial, the action (3) of Aon H, simplifies to AU (T'5), where
moreover T'; : A — A\ is just a scalar. To recapitulate, by (3), for any simple object
A € C(S1), the semigroup

COZAnn(S)

acts on the corresponding charged sector H,. The central C acts via the character z +— e,
where c is the central charge. This is an invariant of the chiral CFT and does not depend
on the choice of sector. The central Z acts via some character n +— (6,)", where 0, is
called the conformal spin of the sector (in a rational CFT, the conformal spins are always
roots of unity). This number does depend on the sector (for example, the conformal spin
of the vacuum sector is always trivial). Let L, be the infinitesimal generator or rotations
(we’ll be more specific about this later). This operator always has spectrum bounded from
below, its smallest eigenvalue is denoted h) and called the minimal energy. It satisfies
627rih)\ — 9)\‘

The semigroup of annuli as a complexification of Diff (S')

Diff(S?) is an infinite dimensional Lie group whose Lie algebra can be identified with
X(S") = {f(2)Z @ € iR},

vector fields on S*. We recall the well-known formula for the Lie bracket of vector fields:
[[(2) 5 9(2)5:] = (fd — 9/ )5

Remark. [t is a great annoyance in differential geometry that, for a manifold M, the Lie
algebra of Diff (M) is not X(M) but instead X (M )°P, the Lie algebra of vector field on
M equipped with the opposite of the usual Lie bracket of vector fields.

The complexification X¢(S') of the Lie algebra X(S') admits a topological basis given
by the vector fields
by = —2"1 2 5)

These satisfy an algebra known as the Witt algebra:
Wy U] = (M — n) i

Remark. When acting on the vacuum sector of a CFT, the (,, withn < 0 will be acting as
creation operators, whereas {,, with n > 0 will be acting as annihilation operators. The
operator associated to {y will have an interpretation as “the energy”, and will always
have positive spectrum. This forces us to include the minus sign in the definition (5).

The subalgebra spanned by ¢_1, ¢y, and ¢ is isomorphic to su(1,1)c = sl(2, C) under the
isomorphism

0 1 (10 0 0
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It corresponds to the subgroup PSU(1,1) C Diff(S1).

The Witt algebra W = Span{/,, },,cz is famously known for being a Lie algebra that
does not have an associated Lie group. Said otherwise, the Lie group Diff(S') does not
have a complexification. To see that, note that the subalgebra Span{¢_,,, ¢y, ¢,,} C W is
isomorphic to s((2, C) via the map

1 01 1 1 (1 0 1 0 0
né,n — <O 0) n&) — 2(0 _1> nﬁn — <_1 0).

If W or Xc(S') were to integrate to a Lie group G, then the above map s[(2,C) — W
would integrate to a homomorphism SL(2,C) — G (since SL(2,C) is simply con-
nected). But the relation exp (4mi-3(§ ) = 1 holds in SL(2, C). Therefore, for every
n, the relation exp(4m’~%€0) = 1 would have to hold in G. Clearly impossible. /

One of the wonderful ideas of Graeme Segal (independently also due to Y. Neretin) is
that, even though there is no Lie group which is the complexification of Diff(S!), there is
a complex semigroup which plays that role: the semigroup of annuli.

To convince you that Ann(S?) indeed behaves like Diff¢(S!), let us compute its tan-
gent space at the identity, and check that we get Xc(S'). There is of course a prob-
lem, because Ann(S!) is not a manifold: it is some kind of infinite dimensional mani-
fold with boundary (or rather with corners) and its identity element definitely sits at the
boundary. But things are not too bad. We’ll see that Ann(S') can be identified with
a closed subspace of an honest manifold M, and that its interior Ann'(S') := {A €
Ann(S") | A is thick} is an open subset of M.

Let M be the quotient of the space of pairs of embeddings ¢_ : D < CP!, ¢, : D —
CP! by the action of PSL(2, C). Equivalently,

Mo P_ : D~ CP!
T\ ¢y i D CP!

b (2) =1/z+ O(2) } (6)

(where we use the identification CP* = CU{oo} to make sense of the condition ¢_(z) =
1/z+ O(2)).

Given an annulus A € Ann(S?), let P4 := DU A U D (the left D has its boundary
parametrized by z — %), and let us write ¢ : D — P, and ¢, : D — P4 for the two
inclusions. By the classification of genus zero Riemann surfaces (there is only one up to
isomorphism), P, = CP! and there is a unique isomorphism ¢ : P, — CP* that satisfies
U(1_(2)) = 1/24 O(z) [there is a three dimensional space of isomorphisms P, = CP!;
the condition (1 (z)) = 1-271 +0-1+0-z + . .. cuts down that three dimensional space
to something zero dimensional]. So we get a map

Am(S') - M
A = (wb—awbﬂ-)

whose image is the set of (1/_, 1) € M such that ¢_(ID) N ¢ (D) = 0.

The unit element 11 € Ann(S') maps to the pair (¢2,¢9) == (z — 271,z — 2).
The tangent space of M at that point can be identified with the set of pairs of vector fields
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(v_,vy), vy € T(D, ()*TCP'), with v_ vanishing to third order at the origin. Here,
I'(D, (¥2)*TCP") = Span{l,},<1  T'(D, (1)*TCP") = Span{l,},>_1

with the coefficients of /,, decaying faster than any power as n — oo. The condition that
v_ vanishes to third order at the origin says that the first three coefficients (the coefficients
of {_y, £y, 1) are zero. So we get Tepo oM = Span{l, }n<_1 @ Span{l, },>_1 =
Xc(Sh), as desired.

We can also describe the tangent space of Ann(S) at an arbitrary point A € Ann(S5).

Lemma.

Xc(OoutA) ® Xc(0mA)  Xe(S) © Xc(9)
T4Ann(S) = o (A) = %oa(4)

where Xy,01(A) denotes the set of vector field on A which are holomorphic in the interior,
and smooth all the way to the boundary (as in (1)).

Proof. Wlog S = S! (the standard circle). Let M be as in (6), and let

My = {(?ﬂ—ﬂ/@) eM ‘ wf(]ﬁ) M ¢+(]ﬁ)) = (Z)}.
Then My = Ann(S!) as explained above. Let

N = {(7out77in) |70ut77’m : Sl - (C]P)l}

and let s : M — N be the map given by s : (¥_,¥y) = (Your := V—|op, Vin = U+ |op)-
Let Ny C N be the saturation of s(My) C N under the action of Diff (S') x Diff(S?). In
more down to earth terms, N is the set of pairs (7,ut, Vin) such that the curves 7,,¢(S')
and 7;,,(S1) ‘bound an annulus’, and ~,,:(S*) ‘encircles oo’.

The map s admits a retraction/\ 1 : Ny — My which sends a pair (Yout, Vi) to the
annulus bound by 7,.:(S*) and 7;,,(S1), and then identifies that annulus with an element
of My. By construction, this map satisfies s o r = id. The fiber r~'(A) over a point A €
Ann(S?) = M is the set of embeddings o : A — CP! such that 9,,; A ‘encircles 0o’.

At the level of tangent spaces, the diagram

7”_1<A) NQ u M()

induces a split short exact sequence
0— Fhol(A, O'*T(CPI) — I‘(Sl LS, (Your U fym)*T(CIP’l) — T4Ann(S) — 0.

The result follows since Ty (A, 0*TCP') = T (A, TA) = Xp01(A), and

L(S* U S, (i UAous)*TCPY) = T (S, TeSH) 2 = X (S1) @ X (Sh).

/\ Unfortunately, there is a gap in the argument: I haven’t showed that r is smooth (the
restriction of a smooth map N — M). I don’t know how to prove that fact (and hence I
don’t know whether it’s true — I only think that it is). 0
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Note that, for A = 1g4, the above lemma recovers our earlier result:

Xc(S) © Xe(5)
Xc(95)

TyAnn(S) = = xc(9).

Remark. Unlike in the case of groups, the map TyAnn(S) — Ty Ann(S) induced by left
multiplication by A is not an isomorphism (except when A is completely thin). Instead, it
is an embedding with dense image.

Proposition. The multiplication map Ann(S) x Ann(S) — Ann(S) is holomorphic.
Le., the map
T, Ann(S) & Ta,Ann(S) — Ta,ua,Ann(S)

induced by the composition of annuli is complex linear.
Proof. Given A, Ay € Ann(5),let Py, 4, :=DUA; UAUD, andletc_ : D — Py, 4,

and ¢y : D — Py, 4, be the two inclusions. Letting ¢ : P4, 4, — CP' be the unique
isomorphism such that ¢)(¢_(z)) = 1/z + O(z), one gets a map

Ann(S) x Ann(S) = {(71,72,73) |7 : S — CP'}
(Ala A2) = (w‘aoutAl ) 7/1

At the level of tangent spaces, the existence of that map means that the vector space

s = U]0puedns Vo 45)-
{((P, vi™), (v, v3)) € (XS ® XcS) @ (XS @ XcS5) ‘Uf“t = vl
surjects onto

XcS@® XS XS XS
Ta,Ann(S) @ T4,Ann(S) = ;h 16(3141(): ;h ??A;):

So we get a commutative diagram

{0 0f7), 037, 9) € (X5 © XeS) © (o5 @ %eS) [ o =15} ——— XS @ XS
l (w9t wim), (08"t wg™)) = (vg¥t,0im) l

T, Ann(S) @& Ty,Ann(S) Ty,u4,Ann(S)

The top horizontal map and the two vertical maps are visibly complex linear. Therefore
so is the bottom map. U

We finish this section by explaining why the Lie algebra of Ann(.S)is (Xc(5), [, |P),
the Lie algebra of complexified vector fields on S equipped with the opposite of the usual
bracket of vector fields. We already saw that the Lie algebra Ann(S) is isomorphic to
Xc(S) as a vector space. Let us write | , |, for the Lie bracket on X¢(S) induced by the
fact that it is the Lie algebra of Ann(.S). The inclusion Diff(S) < Ann(S) induces an
inclusion of Lie algberas (X(S5), [, |°°) < (Xc(S), [, |ann)- The latter being a complex
Lie algebra, its bracket is completely determined by what happens on the real subspace
X(S). Therefore [ , |am = [, |P.
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The Virasoro algebra

We now turn to the question of describing the universal central extensions of Diff(.S) and
of Ann(S). We claim that there exist central extensions

0 — iR @ Z — BELDiff (S) — Diff(S) — 0

7
0—CdZ— ““2Ann(S) — Ann(S) — 0 @)

and that these are universal central extensions.
At the level of Lie algebras (things are always easier at he level of Lie algebras), the
corresponding claim is that there exist central extensions

0 — iR — ®X(S) — X(S) = 0
0= C — “X¢(9) = Xc(S) = 0

and that these are universal central extensions. If one takes S to be the standard circle
S1, one can be more specific, and write down the cocycle that describes these central
extensions. This is the Virasoro cocycle:

o ([ 0(:)2) = 3 [ 5 00) & ®

equivalently: Wyir (b, Un) = %(m:” — M) Ot 0-

The Witt algebra W is the algebraic span of the /,’s (the Lie algebra of algebraic
vector fields on C*), and its universal central extension is called the Virasoro algebra. It
is standard convention to denote the basis vectors of the Witt algebra /,,, and the corre-
sponding basis vectors of the Virasoro by upper case letters L,,:

0—C—Vir—W-—0

w w
L, — /¢,

The commutation relations of the Virasoro algebra are given by

[Lm, L’I’L:| = <m — n)Lm+n + %(Tn/3 — m)5m+n70.

Remark. The Virasoro commutation relations are usually written in a way that includes
the central charge: ‘

[er Ln} = (m - n)Lm-i-n —P%(mg - m)5m+n,0- (9)

Let Vir. be the Lie algebra defined by (9). Provided ¢ and ¢’ are non-zero, there is an

>~

isomorphism Vir, = Viry that fits in a diagram

0 C Vir, A 0
z-ci/cl lel
0 (C Virc’ W O
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The Lie algebras Vir. and Vir. are however distinct as central extensions of W by C
(i.e, there’s no way to arrange for the left vertical map to be the identity map id¢ : C — C).

Also, the notion of a representation of Vir, is distinct from that of a representation of
Vir., because one always includes the requirement that the central element 1 € C acts
by the identity operator.

Before proceeding, let us review some rudiments of Lie algebra cohomology. Let g
be a Lie algebra, and let A be a vector space.

A 2-cocycle is a bilinear map w : g X g — A which is antisymmetric, and satisfies
3

Y w([X,Y],Z) =0.
Given a 2-cocycle, one can form a central extension g := g © A, with Lie bracket

(X, a), (Y, b)]g = ([X, Y], w(X,Y)).

which fits into a central extension 0 - A — g — g — 0 (an extension such that
A C Z(g)). If the cocycle can written in the form
W(X,Y) = p([X,Y))

for some linear map p : g — C (typically not a Lie algebra homomorphism), then we say
that w is a trivial 2-cocycle, and write w = dj.

Theorem. The second Lie algebra cohomology group

H(g: A) — {2-cocycles }
8:4) = { trivial 2-cocycles }

is canonically isomorphic to the set of isomorphism classes of central extensions of g by A,
where two central extensions g and §' are called isomorphic if there exists a commutative
diagram

0 A g g 0
idAJ ZHJ idgl
0 A g g 0

where the two outer vertical maps are identity maps.

Proof outline. ) We already saw how to construct a central extension from a 2-cocycle.
Suppose now that ws — w; = du. Then

D)

is an isomorphism. So the map { 2-cocycles }—{ central extensions } descends to a map
H?(g; A) —{iso classes of central extensions }.
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© Given a central extension of g by A, pick a splitting

0 A §7 g 0

(usually not a Lie algebra homomorphism) and let w(X,Y) := [s(X), s(Y)] — s([X, Y]).
Given another splitting, we can write it as s = s + p for some y : g — A. The
corresponding cocycles satisfy w’ = w — du. So they’re equal in H?(g; A). OJ

We also have:

Proposition 5 Let 0 — A; — g, — g — 0 be central extensions that fit into a commuta-
tive diagram

0 Ay i1 g 0
1| ! H
0 A & g 0

and let [w;| € H?*(g;, A;) be the corresponding cohomology classes. Then |w,) is the
image of [w1] under the map H?(g, A1) — H*(g, As) induced by f : A1 — As.

Theorem 6 The second cohomology of the Witt algebra is one dimensional H*(W,C) = C,
and the Virasoro cocycle |wy ;| is a generator.

Let us check that wy ;. is indeed a cocycle. For the purpose of this computation, we rewrite
(8) in the following abbreviated (and less precise) form:

wvilfoo) = ¢ 179 = § 1o

3 3
We then easily compute: Z}{(fg/ — flg)n" = Z%(f’g’ + 19" = f"g— f'g)h" =0.
The following lemma will be surprisingly useful:

Lemma 7 Let g be a Lie algebra, and let X € g be such that ad(X) exponentiates to
a 1-parameter family of automorphisms of g [Forus: g = W, X = il,, and ad(ily)
exponentiates to an action of S* on W]. For { € g, let & := exp (¢ - ad(X))(€), so that
L& = [X,&]. Then, for any 2-cocycle w, we have

w] = lw] € H*(g),
where w,(§, 1) = w(&, mh)-

Proof.

22



w(&r,nr) —w(§,n) :/o (%W(ftyﬁt))dt

vz//ii://134 (w(X, &), 1) + w(&s, [X,m4))) dt

_——\

i T
Y
oo et = / W(X, [, me])dt
\ — 0

L—

_—\

T
Y

T :/ﬁMXKmMﬁ:u@mD
Ve v &t 1A T — ;

—

where u(€) = [ w(X, &)dt. O

Suppose (as is the case in our example of interest), that ad(.X') exponentiates to an
action of S* on g by Lie algebra automorphisms. Then letting avgg: (w) := |, g1 widt, we
have

lavge (w)] = [ [q widt] = [oi[wi]dt = [o[w]dt = [w] in H?(g, A)

for any 2-cocycle w. Given a linear map u : g — A, let ;,(§) := (&), and let us
define avgq (1) = f g1 pudt. If a 2-cocycle w is trivial, i.e., if there exists p such that

w = dpu, then there also exists an S*-invariant p with that same property: indeed, letting

p' = avggi (i) we have

dy' = d(avge (1)) = avggi (d(p)) = avgg (W) = w.
From the above discussion, we deduce that

{ S'-invariant 2-cocycles }

H?*(g; A) =
(g:4) {dp|p:g— A, pisS'-invariant}

Remark. The same argument works with any compact Lie group H in place of S*. Let
g be a (typically infinite dimensional) Lie algebra, and let )y C g be a finite dimensional
subalgebra such that the adjoint action of ) on g exponentiates to the action of a compact
Lie group H on g. Then H*(g; A)={ H-invariant 2-cocycles}/{du | p is H-invariant}.

Armed with the above description of H?(g; A) we can prove the theorem:

Proof of Theorem 6. 'We’ll show that the space of S'-invariant 2-cocycles w : WxW — C
is two dimensional, spanned by the cocycles

w1 (£m7 gn) = m3'5m+n,0 and W2(€m> gn) = m'5m+n,07
and that the space of 2-cocycles which are of the form dy for some S'-invariant z : W —
C is one dimensional, spanned by ws. It will follow that dim(H?*(W,C)) =2 —1 = 1.

First of all, the space of .S L_invariant linear functionals W — C is one dimensional,
spanned by p : £,, — 0, 0. An easy computation yields dj = 2ws.

Let now w be an S*-invariant 2-cocycle. Let Cmpn = Wy, ly). S Linvariance implies
that ¢, ,, = 0 when m + n # 0. So let’s write ¢, = w({,,¢_,). We have c_,, = —c¢,
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by antisymmetry. The cocycle identity 3° w([lyn, €n],¢,) = 0 is only interesting when
m + n + p = 0 (otherwise it’s trivially satisfied). At the level of the ¢,,’s, it reads

(m = n)cmin + (1 = P)enip + (p = M)Cpim = 0.
Plugging in p = —m — n, we get
(m —n)emin + 2n+m)c_, — (2m +n)c_, = 0.
Equivalently,
(m —n)emen = 2n+m)e, — (2m +n)e,.

The case n = 1 of the above equation reads:
(m—=1)cme1 = 2+m)en — 2m+ 1)

It is a recurrence relation that expresses ¢, 1 in terms of ¢, and ¢;, provided m +1 > 3
(otherwise m — 1 might be zero).

The sequence {c,, }.m>1 is therefore entirely determined by the values of ¢; and of cs.
In particular, the space of S'-invariant 2-cocycles is at most two dimensional. We already
know that that space is at least two dimensional. So it’s two dimensional. 0

Theorem 6 means that the Virasoro algebra is a universal central extension of the Witt
algebra (I should say the universal central extension, because universal central extensions
are unique up to unique isomorphism). Namely, by the same computation as above, one
checks that H*(W, A) = A for any vector space A. More precisely, any 2-cocycle is
equivalent to a- wy, for some a € A. Effectively, what this produces is, for every central
extension 0 - A — g — W — 0, a homomorphism of central extensions

0 ——C —— Vir \ 0
S S e
Y4 0 A : g — Wv — i

The left vertical map C — A is uniquely characterized (by Proposition 5) by the fact
that it sends 1 € H*(W,C) = C to the element a € H*(W, A) = A that classifies the
central extension g. The middle vertical map is also unique, because Vir is spanned by
cummutators of lifts of elements of W. That’s exactly what it means, by definition, that
the Virasoro algebra is the universal central extension of the Witt algebra.

Remark. The same argument shows that the continuous cohomology H? (Xc(S*),C)
(defined in the same way as usual Lie algebra cohomology, except that we now also re-
quire the cocycles to be continuous) is one dimensional, generated by wvy ;.

The same proof can also be adapted to show that H?,(X(S'),iR) = R, generated
by wy,. (That last statement also follows from the fact that cohomology commutes with
complexification: H?*(g, A) ®r C = H*(g g C, A @ C).)
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Little Fact. Inside the two dimensional space of S!-invariant 2-cocycles, there is a one
dimensional space of PSU(1, 1)-invariant ones, spanned by wy;,.. That’s a good reason
to prefer wy;, as opposed to, say, ({n,, £y) — M3, 100

Unfortunately, the Virasoro cocycle is not coordinate independent. What this means in
practice is that, given a circle S (a manifold diffeomorphic to S'), there is no canonical 2-
cocycle on X(.S) (or on X¢(S5)). But the concept of universal central extension sill makes
sense. And the good thing is that, if it exists, a universal central extension is unique up to
unique isomorphism. So, even though we don’t have a cocycle, we can still talk about the
universal central extension of X(.5) (or of X¢(.5)) for any circle S.

Central extensions of (semi-)groups

We now address the question of, given a Lie (semi-)group G with Lie algebra g, and a
central extension 0 - A — g — g — 0, how to build a corresponding central extension
of G?

If G is a Lie group, the Lie algebra g can be naturally identified with the Lie algebra of
left-invariant vector fields on G, equipped with the usual Lie bracket of vector fields. The
chain complex which computes Lie algebra cohomology can then be naturally identified
with the complex of left-invariant differential forms on G, equipped with the usual de
Rham differental. Recall that, given a manifold M and a 2-form a € Q?( M), its de Rham
differential is given by

(XY, Z) ZXaYZ ia([x,y},z

where [ X, Y] is the Lie bracket of vector fields.

Given an antisymmetric bilinear form w : g x g — A, let us write w € Q?(G) for
the corresponding left-invariant form on GG. The 2-form w is closed if and only if w is a
2-cocycle in the sense introduced before:

dw=0 < dw(X Y, Z) =0, V left invariant X, Y, Z € X(G),

@ZXwYZ ZWXY =0

constant

VN Z =0, VX,Y,Z € g.

Here, we’ve used the fact that, in order to check whether w is closed, it is enough to
evaluate it against left-invariant vector fields.

Proposition 8 /. Given a simply connected Lie group G with Lie algebra g, and a 2-
cocyclew : g x g — A, let

v:[0,1] = G, }/(V,a)w(’y’,a+fhg) when

v(0)=e,a€ A 7'(1) = (1) and h is a homotopy from 7 to 7/,

Goi={0na)
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with group operation given by (71, a1)(72, a2) = (71 - 71(1)72, a1 + az). Then

G, — G : (v,a) — (1)

is a central extension of G by A := A/{periods of w}.
2. Ifw' = w+dp, then Gy, = Gy, with isomorphism given by (v, a) — (7, a + f7 1)

3. If G is merely connected then, provided g has trivial abelianization, G, is a central
extension of G by A X w1 (QG). (If gap # O, the kernel of G, — G might fail to be abelian.)

4. If gap = 0 and the central extension associated to w is universal, then, provided the
set of periods of w is discrete inside A, the central extension

1 —Axm(G) — G, —G—1

is a universal central extension in the category of Lie groups.

Proof. 1. Since G is simply connected, any element of K := ker(éw — () can be rep-
resented by a pair (%, a), where * denotes the constant path. By definition, we then have
(*,a) ~ (*,a+ [, w) for every homotopy from the constant path to itself (also known as
abased map h : S? — G). The elements |, ,w € A are, by definition, the periods of w.
2. The map (vy,a) — (y,a+ [ y ) is well-defined by an application of Stokes’ theo-
rem, and is visibly an isomorphism.
3. The projection map K — 71(G) : [(7,a)] — [7] fits into a diagram

A K m(G)

H | |

A G, G
| |
G G

where all rows and columns are group extensions. The conjugation action G Cm(G) is

trivial (since G is connected), so 7T1(G~) is central in G. So, given k € K and g € G, the

commutator [k, g] € G, maps to 1 € G. That commutator therefore lands in A. The map
[k, —] : G — A is a homomorphism:

(kgrk ™ g7 ) (kgok ™ 95 ") = kark ™' (kgok ™ 95 g = k(g192)k  (q192) ™" v

and descends to a homomorphism G — A. But G is connected and g,;, = 0, so there are
no non-trivial homomorphisms from G to an abelian group. Therefore K is central in G
and K — Gw — ( 1is a central extension.

It remains to show that X' =~ A x m(G), i.e., that the sequence A — K — m(G)
splits. This follows from the general structure theory of abelian groups, using that A is
divisible and hence an injective abelian group.
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4. If A — §, — g is universal, then for any central extension B — G — G with
associated Lie algebra central extension b — g — g, there is a unique map

0 A Y g 0
1| | |
0 b g g 0.

Since G,, is connected, there is at most one homomorphism G. — G that integrates the
map g,, — g. So all we need to do is construct such a homomorphism.

The canonical splitting g — g, induces a splitting s : g — g. Letting F' : A — B be
the homomorphism which integrates f, the map G, — Gis given by

[(y,a)] = 6(1) - F(a)

where § : [0,1] — G is the unique solution of §(t) "1 445(t) = s(y(t) " L~(t)). [Here,
v(t) ' 4~(t) denotes the left-translate of £~(t) € Ty G back 10 TG = g.] O

Remark. The splitting of 0 - A — K — m1(G) — 0 is not canonical, so the center
of G, is only non-canonically isomorphic to A x m(G).

The above proposition takes care of the central extension of Diff(S!) (the top row
in (7)). But the case of Ann(S?) is more tricky because the various tangent spaces of
Ann(S") are no longer all isomorphic (or rather, left translation is not an isomorphism).
So we can’t talk about the left-invariant 2-form associated to a Lie algebra 2-cocycle. To
go around this difficulty, we use a little trick. Given an annlus A € Ann(S'), let

Ann=* := {A; € Ann(S") |34, : AjAy = A} = {y: S' < A~ “wraps around A”}.

When thinking in terms of maps v : S' — A, the tangent space of Ann=" is easy to
compute, and we see that the map Ann=4? — Ann=* given by B — A; B induces an
isomorphism of tangent spaces

Ty (Ann=%2) = Xc(S') — Ty, (Ann=?).
So wy, makes sense as a 2-form on AnnSA, and we can define

(v.a) ~ (s a + [ wrar).

CxZ 1 _ a 0 — AI]I]<—
DH(S ) ( 7 ) ) [ ) ] ) h a homotopy from ~y to ’y’

7(0)=1,7(1) = A

very much like what we did in Proposition 8.

A€ Ann(Sh), a e C /
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Here’s a big chart with all the groups and semigroups related to the Virasoro algebra:

ROZDIff(S') — UVIDIf (ST) — PDiff(S")
ZpSU(1,1) - | |

_
| RDiff (S

PSU(1, 1)

The dotted map exists because the universal cover of PSU(1, 1) is also its universal cen-
tral extension. This allows us to identify a canonical copy of Z inside the center of
RILDiff(S1), and to define FDiff(S1) as the quotient by that Z. Similarly, ©Ann(S?)
is the quotient of “®ZAnn(S') by that same copy of Z.

J

Loop groups

There is another class of infinite dimensional Lie groups which are very important in
conformal field theory, and to which Proposition 8 readily applies: loop groups.
Fix:

e A finite dimensional, compact, simple, simply connected Lie group (, called the
gauge group.

e A positive integer k£ € N, called the level.

The loop group of G is the group of smooth maps from S* to G:
LG := Mapow (St Q),

and its Lie algbera Lg = C°°(S?, g) is called the loop algebra. Letw : Lg x Lg — iR be
the cocycle given by

w(f.9) =3 [ (. d) (10)

where ( , ) is the basic inner product on g. For g = su(2) (also for g = su(n)), the basic
inner product is given by (X,Y") := —tr(XY). For other simple Lie algebras, the basic
inner product is the smallest G-invariant inner product whose restriction to any su(2) C g
is a positive integer multiple of the basic inner product of su(2).

Here, (f,dg) € Q'(S') is a somewhat funny notation. It denotes the image of fdg €
Q1(S'; g ® g) under the map Q' (S';g® g) — Q'(S;R) induced by (, ) :g®g — R.
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Let’s quickly check that w is a 2-cocycle:

integration by parts

(df, g, ) — qu, dgl, h) 7—]4<df, 9. H]) +]§<dg, H) v

[: ) is G-invariant < ([X, Y], Z) = (X,[Y, Z)) VX, Y, Z € g]

The central extension of Lg induced by the above cocycle is called the (real form of the)
. That same algebra goes by various names: it also called the current
algebra, and also the affine Kac-Moody algebra’. 1 will denote it here by

Theorem 9 The second continuous cohomology H?

2.(Lg,R) is one dimensional, and the
cocycle (f,g) = [4(f,dg) represents a generator.

As a corollary, we learn that [A/E; is a universal central extension of Lg.

Proof. By the same argument as in the proof of Theorem 6,

2 { G-invariant 2-cocycles }

cts

(Lg;R)

B {dﬂ | w:Lg— R, pis G-invariant}

where G acts of Lg by its adjoint action on g. The space of G-invariant linear functionals
u: Lg — Ris trivial, so all we need to show is that the space of G-invariant 2-cocycles is
one dimensional. We already know that it’s at least one dimensional. So we need to show
that it’s at most one dimensional. At this point, it becomes convenient to complexify.
Given X € g, let us introduce the notation X, for X 2" € Lgc. The Lie bracket of such
elements is given by [X,,,Y,| = [ X, Y],in.

Let w be a G-invariant 2-cocycle. By continuity, w is entirely determined by its re-
striction to the X,’s. Write ¢, ,, for the map X, Y — w(X,,,Y,,). Since w is G-invariant,
SO 1S ¢, . The space of G-invariant bilinear forms gc x gc — C is one dimensional,
spanned by the basic inner product. So the ¢, ,, are multiples of the basic inner product.
In particular, they satisfy ¢, ,(X,Y) = ¢n(Y, X). By the antisymmetry of w, we then
have

Cnn(X,Y) =w( X, Vo) = —w(Yo, Xin) = —Com (Y, X) = —cum (X, Y).

So ¢ = —Cpm.
Since w is a 2-cocycle, the ¢, ,, satisfy

— 0= Cm+”»P([X7Y]7Z>+Cp+m7n([ZvX]7Y>+Cn+p,m([yv Z]vX)
e
T = e ([XL Y], Z) + ppmn (XL Y], Z) + Cpgpn([X, Y], Z)

ot Y
o — = Cmtnp T Cptmn + Cntpm = 0.
Setting m = n = 0, we get

Co,p + QCp,O =0 =  Cop = 0, Vp

>To be precise, the term ‘affine Kac-Moody algebra’ usually refers to the semidirect product C x EE;C.
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Settingn = landp =7r — (m + 1), we get
Cotlr—(mt+1) = Cly—1 + Cmp—m =  Cmp—m = M Cp_1, VM.
Setting m = r in the last equation, we get
O=¢yp0r=r-Clyo1 = C1,-1=0, Vr#0.

So ¢ = 0 when n # —m, and ¢, _,,, = m - ¢; 1. The cocycle w is therefore entirely
determined by the value of ¢; _;, and the space of G-invariant 2-cocycles is at most one
dimensional. O

We now wish to apply Proposition 8 to the cocycle (10).

Unlike Diff(S'), whose fundamental group was non-trivial but whose higher homo-
topy groups were all trivial, the loop group LG is simply connected but has lots of non-
trivial higher homotopy groups. We care about 7mo(LG). As a manifold, LG is diffeomor-
phic to G x QG, where Q)G denotes the based loop group of G. So

’/TQ(LG) = 7T2(G X QG) = ’/TQ(G) X ’/Tg,(G) = 7.
S~ SN~
=m1(QG)=0 =m2(QG)=Z

[The computations 7, (G) = 0 and m2(Q2G) = Z are rather non-trivial. They can be
done by applying Morse theory to QXG, with respect to a suitable Morse function. (A suit-
able Morse function can be obtained by taking the energy functional v — |, 1 I |1%
which is not Morse, and deforming it a bit.) One the other hand, they’re fairly easy to do
for G = SU(n) by using the fiber sequences SU(n — 1) — SU(n) — S?"~! and the fact
that SU(2) = S3.]

To go further, we need to compute the group of periods of w. It’s a pretty annoying

computation which I’ll do in a moment. The answer turns out to be that the periods of w
are equal to 27:7Z C iR.

So, by Proposition 8, we get a central extension of LG by iR/2miZ = U(1), which
is also its universal central extension. We call it the level I central extension of the loop
group, and denote it LG. The level k central extension is then obtained as a pushout:

0 — U(1) j¥e LG —— 0
oo |
0 — U(1) LG, LG —— 0

The cocycle which is adapted to the canonical basis element of the Lie algebra of U (1) C
LG, is given by

anlf.0) = [ (F.do).

We write [TE;,C for the corresponding central extension of Lg. (It is isomorphic to Lg as a
mere Lie algebra, but not as a central extension of Lg by iIR.)
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Let’s now compute the periods of w. For any simple group G, there is a homomor-
phism SU(2) — G that represents a generator of 73(G) (recall that SU(2) = S3). More-
over, the restriction of the basic inner product of G is the basic inner product of SU(2).
So it’s enough to deal with the case G = SU(2). Let’s identify G = SU(2) with the
group {¢ € H : |¢| = 1} of unit quaternions via (the R-linear extension of)

Lo (59), i (0%), 7 (%6), ke (94).

The Lie algebra g = su(2) then corresponds to the space of imaginary quaternions, and
the basic inner product is given by (i,i) = (j,7) = (k, k) =

Trying to integrate w over a generator of m3(L(G) is a genuine nightmare (I tried, and
I failed). But integrating it over fwice a generator turns out to be feasible. Let us model
S? as the space {q = ai + bj + ck : |q|* = 1} of unit imaginary quaternions, and let us
take S to be [0, 27]/~. The following map represents twice a generator of 7o ( LG):

h:S*— LG
h(q) := (6 — cos(f) + gsin(9)).

By symmetry considerations, the 2-form A*w is a constant multiple of the standard volume
form of S2. Soit’s enough to consider what happens at the point i € S2. The tangent space
at 7 is spanned by j and k, and one easily computes g—?(@) = jsin(f) and 2%(6) = ksin(6).
Translating back to the origin, we get

h’lﬁ(ﬁ) = (cos@ — isin@)jsin@ = %(] sin 260 + k(cos 20 — 1))
1
2

h 2 (0) = (cosf —isinf)ksing = L (ksin20 + j(1 — cos 26))

So twice the smallest period of 27iw is given by
27
vol(S5?) - /0 (W19, (158 ) do
2w
= 47T/ <%(y sin 26 + k(cos260 — 1)), L1 (ksin260 + j(1 — cos 20))>
0
27
= 27r/ <j sin 20 + k(cos 20 — 1), k cos 20 —I—jsin29>
0

2T 27
P / §in2(26)(j, j) + cos*(20) (k, k) = 27 / 2 — g2,
0 0

So the periods of 2miw are 4727, and the periods of w are 2miZ C iR.

Examples of chiral CFTs

In this section, we introduce two classes of chiral CFTs:

e the unitary chiral minimal models
(there’s one such model for every ¢ = 1 —

o the chiral WZW models
(there’s one such model for every choice of gauge group GG and level k), and

,form=2,3,4,...)

m( m+1
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At first, we will describe the linear categories that those models assign to 1-manifolds. In
the case of a chiral minimal model, the categories C(S) are given by

C(S) = Rep(Vir.(9))

where Vir.(S) denotes the appropriate (universal) central extension of X¢(S) by C. (And
we insist that the central C acts in the standard way.)
And in the chiral WZW model, these categories are (roughly) given by

C(S) = Rep (LTG,‘)

where LgG,, denotes the appropriate central extension of LG := Mapg (S, G) by U(1).
(And we insist that the central U (1) acts in the standard way.)

The above descriptions are not very precise, because we haven’t said anything about the
class of representations that we’re allowing. And without any specifications, those cate-
gories are huge. So we do need to say a bit more. Let us introduce a couple of technical
conditions:

Definition: A representation of Vir. has positive energy if the associated operator L
has discrete spectrum, the spectrum is bounded from below, and all the (generalized)
eigenspaces are finite dimensional.

In our case of interest, we always have e2"*%0 = ¢, (where 6, is the conformal spin).
So Ly is in fact diagonalizable, and there is no need to talk about generalized eigenspaces.

Remark. The operator L is obviously coordinate dependent. However, assuming the
action of Vir, integrates to an action of Y(W¥ZDiff (S'), the property of being positive
energy is independent of the choice of coordinate, because one can conjugate any coordi-
nate into any other coordinate by an element of Diff (S*).

[ believe that every positive energy representation of Vir. integrates to a represen-
tation of VWPLDiff.(S), and even to a representation of € ®”Ann,(S"). But this result
probably depends on the type of topological vector spaces that one allows.]

Definition: An irreducible representation of ngk has positive energy if it extends to a
representation of Vir, x fg ;. for some c, and the Virasoro action has positive energy. A
positive energy representatlon of Lg L 1s a ﬁnlte direct sum of irreducible positive energy
representations of Lgk A representation of Lgk is called integrable if it integrates to a
representation of LG k-

Factoid: A positive energy representation of LNgk is integrable iff it is unitary. [Once
again, this probably depends on the type of topological vector spaces that one allows]

Given the above definitions, we can go back and re-define the categories Rep( Vz'rc(S))

and Rep(L/;é k), with more attention to detail. In place of Rep( Vire(S )), we should
have written

Repya:” (Vir.(S)) := {positive energy unitary reps of Vir.(S)}
= {positive energy unitary reps of VSLDfF (S )}

= {positive energy unitary reps of C*SZ Ann,(S) },
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Similarly, in place of Rep(lj;/G k) , we should have written

Rop,(;;;f(LSNvG k) = {positive energy representations of LTG k,}
= {positive energy integrable reps of Z;;;A}

= {positive energy unitary reps of ZZE; k}

)

where Z;gk is the central extension of Lgg := C*°(.S, g) by ‘R defined by the cocycle
Wk(fa g) = QLm fS<f7 dg>

Remark 10 When working with nuclear Fréchet vector spaces, one should add the con-
dition that the representations are smooth, meaning that the map G x V' — V' is smooth
(where G is either LgG), or YW®ZDiff ,(S)), and that the (semi-)norms || ||, : V — R,
n € N, which define the Fréchet topology may be chosen in such a way that the maps
G x (Vo lln) = (V.|| ||n) are continuous. [I'm not really sure that these conditions
are strong enough to exclude all unwanted examples. I’'m just guessing that they are, by
analogy with the Casselman-Wallach theorem in the representation theory of finite dimen-
sional Lie groups. ] -

When working with Hilbert spaces, one should be aware that the actions of Lgg, and
of Vir.(S) are by unbounded operators, and one should be very careful with the domains
of definition of these operators.

Unitary representations of the Virasoro and affine Lie algebras

Let us explain a bit what the representation theory of the Virasoro algebra looks like. For
¢ > 1, the irreducible unitary representations of Vir, are classified by their minimal en-
ergy, which can take any value in R>(. The corresponding chiral CFT is not rational, and
is called chiral Liouville theory (at least for ¢ > 1).

In the range ¢ < 1, there exists a discrete set of values of ¢ for which the Virasoro alge-
bra admits unitary representations (outside of that set, Vir. has no unitary representations

at all). These are the numbers of the formc =1 — %, form =2,3,4,...
¢ — 0 L 1 4 6 2 11 14 52 21 25 88
— Y% 20 100 5 7» 28 120 150 550 227 260 91 """

For such a value of the central charge, Vir, has exactly m(m — 1)/2 irreducible unitary
representations. They are classified by their minimal energy, which can take any value
of the form %, forl <p<m-—1land1l < g < m. A good mnemonic
for remembering these numbers is to note that they’re equal to the square-distance to the
diagonal minus the smallest square-distance to the diagonal in the following rectangular

array of dots:
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m
m+1
(normalized so that the smallest square-distance is ———).
4m(m+1)

We now spend a couple of words describing the unitary representations of [/:E; - Glven
a finite dimensional simple Lie algebra g of rank r, with Cartan subalgebra f, the Wey!
alcove is the r-dimensional simplex A C h* bound by the r walls of the Weyl chamber,
and by the hyperplane that bisects the segment [0, o), where o € h* is the highest root.

For any level k, the set of simple objects of Cy j, := Repg?ﬁ(fék) = Reppn‘y(fék) is
in canonical bijection with the set of (finite dimensional) irreducible representations of g
whose highest weight is in kA. The bijection sends a representation of Lg, to its lowest
energy subspace.

In Table 2, on the next page, we illustrate the set of simple objects of C, ;, with some
examples.

By definition, an irreducible positive energy representation of Eﬁ . extends to Vir, x EE; &
for some c. The commutation relations in the latter are given by:

[Xm7Yn] = [Xa Y]m—i—n + k‘n(X, Y>5m+n,0
[Lm,Xn] = —nXm+n Csince ZH D = —n2™ ”) (11)

[Lma Ln] = (m - n)Lm+n + %(mg - m)5m+n,0

where X, stands for X2" € Lg C Eék It turns out that, when (V) p) is an irreducible
representation of Lg,, the action of the L,, and the value of the central charge c are
uniquely determined. We prove this in the following two lemmas, and below:
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Table 2

Lemma. The equation [p(L,,), p(X,)] = —np(Xpmin) uniquely determines p(L,,) up to
the addition of a scalar.

Proof. Suppose p(L,,) and p'(L,,) are two solutions. Then [p'(L,,) — p(Ln), p(X,)] =
0. So p/(Ly,) — p(Ly,) : 'V — V is a morphism of Lgk representations. By Schur’s
lemma, p'(L,,) = p(L.,) + cst. O

Lemma. [f the operators p(L,,) satisfy ~ then, [p(Ly,), p(Ln)] = p([Lm, Ln]) + cst.

Proof. [[p(Lim), p(Ln)], p(X;)] = [p(Lim), [p(Ln), p(X:)]] = [p(Ln), [p(Lin), p(X:)]] =

= (m—n)- (=rp(Xmsntr

—1p(Xntr —rp(Xm4r
So [p(L), p(Ly,)] satisfies the . VP( LI Vp( v
same commutation relations as ~ () (=) Xmtntr) ~(meAr)-(=r)p(Ximnsr)
p([Lm, Ly)), and we’re done by the previous lemma. O
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If we make a random pick for the p(L,,)’s, subject to the relations [p(L,,), p(X,)] =
—np(X,nin), then we won’t quite get a representation of the Witt algebra. (The constants
which appear in the last lemma are the 2-cocycle that measures the failure of p being a
representation.) What we get instead is a representation of a central extension W — W.
Now, since Vir is the universal central extension of W, we get a unique Lie algebra
homomorphism Vir — W that commutes with the projection to W. We check where the
central element of Vir goes, and that gives us the central charge c.

This now raises two questions: what is ¢, and how does one compute it? The only
way [ know to compute it is to write down the L,,’s explicitly, in terms of the X,’s, and to
check that they satisfy the desired commutation relations (the ones in the first of the above
two lemmas). The construction is called the Segal-Sugawara construction, and looks as

follows:
L = gy O <Z XoXmn+ Y anxn)

XeB *n<0 n>0

Here, B is an orthonormal basis of g with respect to the basic inner product, and h" is the
dual Coxeter number. [The dual Coxeter number can be defined in multiple ways. One
way is to say that 2h" is the ratio between the Killing form and the basic inner product on
g. Another way is to say that h"' is the smallest level k such that kA contains an element
of the weight lattice in its interior. By the way, that element in the interior is usually

called p.] The central charge is given by the formula c = kfj:g(vg) , and the minimal energy
hy of the Zé w-rep with highest weight A is given by the formula ) = %.

The positive energy condition

In the previous sections, we motivated the introduction of the positive energy condition
by saying “otherwise, there’s too many representations”. But there’s a much better reason
to include that condition. That’s because, in a Segal CFT, that condition is forced on you:

Theorem 11 In a chiral Segal CFT, the action of the Virasoro algebra on any sector
always has positive energy.

The proof will be based on the following result:

Proposition 12 If ¥ is a thick complex cobordism, then Zys, : U(X) — U(Fx(N)) is a
trace-class operator.

We’ll give the definition of trace-class a bit later. For the moment, we just need to know
that, for a diagonal operator on a topological vector space, we have

Diag(ay, g, . . .) is trace-class — lim o, = 0.

n—oo

When our vector space is a Hilbert space, we have the much stronger result that an op-
erator of the form Diag(ay,...) is trace-class iff ) |a,| < oco. But things don’t work
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quite as nicely when dealing with more general types of vector spaces. [The implica-
tion Y |ay,| < oo = Diag(ay,...) is trace-class only holds when the diagonal oper-
ator is defined w.r.t. an unconditional basis. The implication Diag(ay,...) trace-class
= > || < 0o almost never holds. |

Proof of Theorem 11. For g a complex number, |g| < 1,let A, := {z € C: |¢| < |2| <
1}, with boundary parametrizations (;, : 2 +— qz : S* — 0;, A and @y = idgi:

A, = 1
8out

Pick a lift of A, € Univ(ID)? of A, to the universal cover of Univ(ID). Equivalently, pick
a logarithm of ¢. The corresponding operator on U(\) (defined in Equation (3)) is then
given by

U(TAq) 0Zs, = gro = elos@lo,

The operator U (TAq) o Z 4, 1s trace-class by Proposition 12. In particular, its sequence of
eigenvalues (counted with multiplicity) tends to zero. This is equivalent to the spectrum of
L being discrete, bounded from below, and all its eigenspaces being finite dimensional.

O

Before discussing the proof of Proposition 12, we recall some definitions from func-
tional analysis. From now on, we assume that all our vector spaces are complete locally
convex topological vector spaces.®

Definition: An operator f : V — W is trace-class’ if it is in the image of the map

E:-W®, V' — LV, V).

Here, V' is the continuous dual of V' (the set of continuous linear maps V' — C), and
®, 1s the projective tensor product of topological vector spaces (defined by the universal
property that continuous bi-linear maps out of the product are the same thing as contin-
uous linear maps out of the tensor product). If f : V' — V is trace-class, then its trace
tr(f) € C is the image of E™!(f) under the evaluationmap V@ V' =2 V' @ V <% C.

Warning: When working with general topological vector spaces, the map E can fail
to be injective; this can already happen with Banach spaces. When this happens, tr(f)
typically fails to be well defined. But everything is ok (i.e., the map E is injective) when
the spaces have bases. (A subset (b,)n.en of a topological vector space V' is a basis if for
every v € V there is a unique sequence of numbers (a,,) such that v = a,by.)

A topology is called ‘locally convex’ if it is generated by a set of (semi-)norms.
"When working with Hilbert spaces, one typically uses the term ‘trace class’. When working with more
general topological vector spaces, one typically uses the word ‘nuclear’ for that same notion.

37



Lemma 13 A linear map f : V — W is trace-class if and only if there exists a space X,
and linear maps a : C - W @, X, and b : X ®,V — C, such that

fz(V%WQ@X@vMW).

Proof. =: Take X =V',a = E7N(f),andb=ev:V' @V — C.
<: binducesamapb: X — V'. Then f is the image of (idy ®b)a € W &, V. O

As a corollary, trace-class maps form an ideal: if a map f is trace-class, then so is
fog,andsois ho f.

Remark. The statement of Lemma 13 also holds true when V', IV, and X are Hilbert
spaces, and the projective tensor product is replaced by the Hilbert space tensor product.
But the proof is rather different (it relies on the fact that the composition of two Hilbert-
Schmidt operators is always trace-class).

The proof of Proposition 12 will be based on the fact that every thick annulus can be
decomposed as follows:

(12)

We first compute £~ and F @ Let 15 :=C be the canonical simple object of C(())=Vect 4..

Proposition. There exists a canonical involution \ — \, called charge conjugation, on
the set of isomorphism classes of simple objects of C(S"), such that

FG@@):@A@A and F@(m@y):au,ﬂ@.

Proof. Write
Foy(ly) = Parr @ p and F\(n®v) =b,,1p.
A @

The triviality of /" = means that the matrices a = (ax,) and b = (b, ) satisfy ab = 1.

Similarly, we have ba = 1. Since the entires of a and of 0 all lie in N, they are therefore
permutation matrices.

Finally, the axiom according to which for every complex diffeomorphism ¢ : >/ — 3,
we have an invertible natural transformation Fsv o (0;,¢)* = (Oput0)* © F; tells us that a
and b are involutions (and hence that a = b). O
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Proof of Proposition 12 . Since trace-class maps form an ideal, and since the tensor prod-
uct of two trace-class maps is again trace-class, it’s enough to show that Zy is trace-class
when X = A is an annulus. Cutting A as in (12), we can decompose as:

Hy® Hy ® H)y
H, @, H, ® H; ® H, % H,
A Q ~—— e
) € ker (Fg,j) unless =X\ B
We are then done by Lemma 13, and the fact that trace-class maps form an ideal. 0

Primary fields

Let A € Z be an integer.

Definition: A primary field of conformal dimension A is a gadget ¢ that assigns to every
complex cobordism X equipped with:

® points zy,...,2, € 2, and
e tangent vectors v; € 1,3,

and to every object A € C(0;,%), a linear map
Zspzrimn)mplznivn) - UX) = U(Fs(X)).
These maps are homogeneous of degree A in the v;’s:

ZE,go(zl;vl),...,go(zi;avi),...,ap(zn;vn) = aAZE,go(zl;vl),...,ap(zn;'un) Va € Ca (13)

and agree with Zx, when n = 0. Moreover, they satisfy the same axioms that the Zy,
satisfy (naturality in \ and in %, compatibility with disjoint union, and with composition
of cobordisms).

The map Zs. ,(2150),....0(zni00) 18 Called a propagator with field insertions:

ZE,go(zl;m),...,cp(zn;Un) : U()\> U(FZ()\)>
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Example: The vacuum field 2

is a primary field of conformal dimension zero.

We will often suppress the vectors v; from the notation, and write Zy; ,.,)
of ZE,@(zum) ~~~~~ ©(2zn;vn)-

(zn) Instead

.....

When X is a closed surface and A = 1y, then Zs; ,..),... o(zn) ( 1) is called a correlator,

and denoted

.....

<Lr‘9(zl>: S 99<ZH)>2; € Hy = U<FE<1®))

A linear functional B : Hy, — Ciscalled a 8 and we write

<g0(21), o ,go(zn)>z,6 e C (14)

for the image of (p(21), ..., ¥(z,))s under B. When thought of as a function of the z;’s,
the expression (14) is also called a correlation function.

Theorem. (State-field correspondence) There is a natural bijection

Primary fields of PN States ¢ € H such that
conformal dimension A Lo(¢§) =Afand L,(§) =0Vn >0/~

Proof. Given a field , the corresponding state £ € H is given by

‘We need to show that
Lo(§) = AE and L.(§) =0¥n > 0. (15)

Let Univy(D) := {f € Univ(D)| f(0) = 0} be the semigroup associated to the Lie
algebra Virsy := Span{L, },>0. The conditions (15) are equivalent to

Za& = f'(0)*¢  Vf € Univg(D), A =D\ f(D).
We can then compute:

Za& = ZaZp p0:1)(1) = Zawpo1)(1) = Zogospro (1) = f(0)2¢.

8Some people would call the expression (14) (viewed as a function of the z;) the ‘conformal block’.
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Conversely, starting from a vector ¢ € H, that satisfies the equations (15), we proceed
as follows. Given a complex cobordism Y together with points zy,..., 2z, and tangent
vectors v; € T,.3, choose disjoint embeddings f; : D — X, f;(0) = z;, and let

2=\ (AD)U...U f,(D)).

‘We then define

. A
ZE,«P(Zl) 77777 o(zn) ‘= H (#ZO)) Zs0 (f R...¢® —). (16)

Let’s check that this map lands in the right place:

Zso :Hy®...Q Ho@ UN\) = U(Fp(1) @ ... ® Fp(1) ® \)
23 kg — U(FZO(FD(l)®...®FD(1)®)\))
= U(Fsoumu.m(1®...0 10 N\)) =U(Fs(N). v

We need to show that the map (16) is independent of the choice of f;. Let f D — 3,
fi(0) = z;, be another set of embeddings, and let ZAg,@(Zl) ,,,,, o(zn) - UA) = U(Fx(N))
be the corresponding map, defined as in (16). We wish to show that ZAZ,,“ =Zs . In
order to do so, we introduce yet another set of embeddings f D — X, ﬁ(O) = z;, that
satisfy f;(D) C fi(D) N f;(D). Let Zs, . be the corresponding map. We will show that

Ly, =2y, . =UIs,..

(17)

Clearly, it’s enough to show that Zgw = Zy, ... (the other equality follows by symmetry).
Let

V= flof; andlet A, =D\ (D) = f£;(D)\ fi(D)

)A§ , from which

/
A
7

be the corresponding annuli. We then have Z4, (&) = ¢{(0)2¢ = ( 7 Eg;

we get:

f1(0)
= (J;ézo)) ZEO(ZA1<€>®~--®ZA7L(€)®—) (18)
v; \2 2/ A
- <f/(0)> H <;{E8;) ZEO (f ®...0 é ® _) = ZE,ap(zl) ,,,,, o(zn)+
[

41



Given a bunch of primary fields ¢4, . . ., ¢,, with corresponding vectors &1, ..., &, € Hy,
it’s now easy to adapt the definition (16):

Vi Ay
Zz,sal(zuvi) ..... san(zn;vn) = H (f/(0)> ZEO (51 ® e ® gn ® _)- (19)

Here, as before, ¥° = X\ (f1(D)L. . .Lif,,(ID)) for some f; : D — ¥ satisfying f;(0) = 2.

It is also fruitful to allow the &; to take their values in other sectors than the vacuum
sector. The corresponding fields are called charged fields. Given irreducible objects p; €
C(S"), and vectors &; € U(p;) satisfying the same conditions (15) as before, the definition
(19) still makes sense, even thought it’s no longer a map U(\) — U(Fx(A). Instead, it’s
a map:

Zx,gl(fu),..,;;,,,(ﬂz,/) . Lv(/\> — DT(FX./H(/‘:|),4..,;1,,(2,,)(A>)7

-----

77777 on(zn) depends on the choice of tangent vectors v; € T7,;x. Sim-
ilarly, the functor

f‘X./u(;/1)....‘/1,,(2,7,) : C(()mz> — C<Ooulfz)

depends on some extra choices at the points z;. But what it depends on is somewhat
weaker than tangent vectors: the functor Fy;  only depends onrays p; C 7. s [arayina
vector space V' is an element of the quotient (V' \ {0})/R]. Also, when defining %°, it
was important to have used embeddings f; : D — X which satisfied f/(0) € p;.

Let us show that Fy; ,, (z,),... un(z,) doesn’t depend of the choice of f; (up to canonical
iso). Let f be another choice, and let Fgw be the corresponding functor. To compare
Fg,_, and Fy, _, we pick a third set of maps f asin (17), and let Fz,... be the corresponding
functor. It’s enough to identify Fgr,_ with Fy, . Let¢; = fi_1 o ﬁ and A, =D\ @/},(]D)
Since ¢} € R, the annulus A; comes with a canonical lift fl,- to the universal cover of
Univy(D). The desired identification is then given by:

ﬁE,ul(z1) ..... pn(zn) = go(u1®...®un®—)
= Fyo(Fa,(11) ® ... ® Fa, () ® —)
113, L7,
Fyo(pn ® o0 ® fn ® =) = FypG)un(en):

Descendant fields

Our next goal is to generalize (19) to the case when the condition Vir-y & = 0 is no longer
satisfied. These are called descendant fields. More precisely, I’d call (the field associated
to) £ € Hy a descendant (of &y) if £ = Ly, ... L, & for some my,...,my; < 0, and
some primary ;. When dealing with descendant fields, we need to replace the vectors v;
by elements of the jet space:
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Definition: Let X be a Riemann surface. The jet space of order d of Y is given by:

; . ) is holomorphic, . C e .
Ty = {] : CO“* E‘j 7(0) 7;8 }/Jl ~ jo if j1(2) = Ja(2) + o(2%),

=z

Jy = UZGZJdE .

z

Here, the notation j : C --» ¥ means that j is only defined in a neighbourhood of 0.

Consider the tower of Lie algebras
VZ‘T[O} “«— Vi’f’[ojl] “« VZ.’I"[OQ} “«— Vi’l”[gjg] “— . < Vi’l"z[),

where Virg a1 := Virso/ Virsq = Span{Ly, ..., Lq_1}. They integrate to a tower of
Lie groups:

C*=G, « Gy « G3 « Gy « ...... + Univy(D),

where Gy = JJC, with group operation given by composition of functions. In other words:

o changes of coordinate
4 7 1 defined up to degree d |

One can also describe that group more algebraically, as Aut(C[z]/z%1).

Definition: A vector & € H, is called a finite energy vector if it is a finite linear combi-
nation of eigenvectors of L.

We now generalize (19) to the case when ¢; are arbitrary finite energy vectors. By
the positive energy condition, since the L,, for n > 0 are lowering operators, the action
of Virso on ¢ generates a finite dimensional subspace. Call it V; C H,. The action of
Virsq on V; factors through a finite quotient Viryy 4,1}, and integrates to an action of Gy, .
[A priori, one might expect the action to only integrate to an action of the universal cover
G4, of G4,. But the subalgebra Viryg C Virp g, integrates to a C*. So the action of

G4, on V; descends to Gy;,.]

Instead of (19), we can then write:

szﬁﬂl('zl%ji) ----- Pn(znijn) “= Zso (9151 ® ... Ognkn ® _)’ (20

where g; := f; ' 0 j; € Gy, and, as before, X0 = ¥\ (f; (D) U... U f,(D)). Once again,
we abbreviate things by writing Zs; ;. (z1),....on (zn) 10St€ad Of Z5; & (21150),...om (znsjn) -

In order to check that the map (20) is well defined (independent of the f;), we proceed
along the same lines as the previous proof. The analog of (18) (the most relevant part of
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the computation) is given by:

25301 (21),spm(om) = Zs0 (3161 @ ... @ Gnbn @ —)
Zso (ZAl(fh&) ®...0 ZAn (§n§n> ® _)
= Zso ($101(£1) @ .. @ Yugn(&n) © —)
= Zso (9151 ® ... Qg ® —)

where ¢; = f; ! o fiand A; = f,(D) \ ﬁ(D)

Lemma 14 Let £ € H be a finite energy vector, with corresponding field ¢. Let g € G4
be a group element, and let gp be the field that corresponds to g€. Then we have:

(27 09) = (99) (2 ])-
Proof.  Zs s (zjog),. = ZEO((fo_ljg>£ ®...) = Zeo((f719)(9€) ® ...) = Zs(g0)(z:9),..
where, as before, X° = 3\ (f(D) U ...) for some embeddings f : ]DO—> ... O
-z

When ¢ is an eigenvector of L, one can also describe these more general types of
fields axiomatically. In the definition of primary field, just replace the tangent vector v; by
a local coordinate j; : CO——-> ¥, and require the equation (2;j o (2 = az)) = a®(z; )
to hold: oA

_ A ) ) X
25 p(2151)oesp(25500(2502) )i (2miin) = O L5 0(21351 ) ip(zniin) VO E €7

We call such a thing a field of conformal dimension A. Similarly to the case of primary
fields, we then have:

Theorem. (State-field correspondence) There is a natural bijection:
{ Fields of conformal dimension A } — {f € H, ‘ Lo(§) = Af}.

The proof goes along the same lines as the one in the previous section.

One of the defining properties of chiral CFT is that the fields ¢(z) ‘depend holomor-
phically on z’. We formalize this in the following proposition:

Proposition. Let ¢ be a field. Then the map

JYZ\{...}) — Hom(U(\),U(Fx(\))

1)
jerT e Z5p(5).

is holomorphic. (Here, the “\{...}” refers to the finitely many points where the other
field insertions take place.)
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Proof. Holomorphicity is a local condition. For every disc D C ¥\ {...}, we have
25 p(23),. = LS\D,... © LD (=) S0 it’s enough to prove the statement when 3 is a disc.

When ¥ = D, we can identify ajet j € J¢(ID) with an element g € G4. By Lemma 14,
for every r < 1, and every z of norm at most 1 — r, we have

Do (z5) = 2D,(g9) (zrwmswtz) = ZD\(rD+2) © D, (gi0)(0sid) -

Zp\(rb+-) depends holomorphically on z because D \ (rD + z) does, and Z,p (g0)(0:id)
depends holomorphically on j because g does. So Zp ,(.;;) depends holomorphically on
z and on J. 0

Examples of fields

e If our conformal field theory is a chiral WZW model, or anything that admits affine
Lie algebra symmetries, then, for every X € g, we can consider the element X () € H,.
The associated field is called a current and is denoted .J** (). This is a primary field of
conformal dimension one:

L X Q) = X 1010+ X2 = 0.

e If our conformal field theory is a chiral minimal model, or anything that contains
Virasoro algebra symmetries (which is to say... any chiral CFT), then we can consider
the element w := L_»() € Hy, the so-called “conformal vector”. The associated field is
called the stress-energy tensor and is denoted 7'(z). This field is also called the ‘energy-
momentum tensor’ or ‘Virasoro field’, and it is not primary, unless ¢ = 0:

Llw = LlL_QQ = 3L_1Q =0
ng = LQL,QQ = 4L09+1—626Q = %Q

The action of Virs, on w generates a two dimensional subspace Span{2,w} C H,, on
which the Lie algebra Viry o acts by

n 0] 1] 2
L] 01010 (22)
Lyw || 2w ] 0 | £Q

Claim: At the Lie group level, this integrates to the action of G3 = Aut(C|[z]/2*)
given by:

2
. c ///(0) //(0) (23)
g-w = ¢g(0)w+ ﬁ(gg/(o) - %@’(0)) )Q
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In terms of the basis {€2, w}, that representation can be equivalently described as:

/,u . !/// 3 !//
o (1Bl a(E))
| O 12
I g z=0
Here, the expression - " is called the Schwarzian derivative, and is often denoted by the

symbol {g, z}.

Now, if someone hands you a representation of a Lie group sand says “that’s the
representation which integrates the following Lie algebra rep”, how do you check it?
One way to proceed is as follows:

(1) You compute the formula to first order for an element close to the identity, and check
that it agrees with the given Lie algebra representation. Computing modulo £2, we get:

If g(2) = 2+¢€z, then{g,z} =0 — g ((1) 1f25>' v
If g(2) = 2z + €22, then {g,2} = 0 — g|_><[1) (1)) v
f g(z) = Z+623, then {g, z} = 6e ~ g — ((1] %16) %

(2) You check that it’s indeed a representation:

(1 67-3E0)) (1 a5 D)
2=0

0 g/2 O f/2

7 (1 = ( (o) 3 <<gof)")2)
- 12\ (g7 ~ 2\ ooty
0 (gof)? -

This looks like an annoying computation, but it’s actually not too bad. To begin with, we
compute the first, second, and third derivatives of g o f at zero:

(gof) == d'f
(g of)// = g//f/2 _|_ g/f//
(g Of)/// = g///fl3 + Sg//f/f// 4 g/f///-

Ignoring the 55, the upper right corners of the two sides of the above equation are given by:

z=0

/" 3(f_”)2+ g"f? §(g”f’>2

7 T2 f/ g/ 2 g/
and
‘ 2
gmf/s + Sg//f/f// + g/f/// L g//flz + g/f// Il v
g/ f/ 2 g/ f/
" f/2 3" f// f/// " f/ 2 " f// f// 2
_ g 1 g LS s g _ 39 3] a

g/ g/ f/ 2 g/ g/ 2 f/ '

9We write z+c2 as opposed to z—e23 for the infinitesimal transformation corresponding to Ly because
of the issue pointed out in the remark on page 16.
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Those two expressions are indeed equal.
This finishes the proof that the action (22) of Viryy o) integrates to the action (23) of
the group Gfs.

As an upshot of the above computation, we get the following special case of Lemma 14,

known as the ‘anomalous transformation of the stress-energy tensor’: For f : C --» C,
f(0) =0, we have

T(wijof) = fOPT(w;j) +5{f. 2,
For w € C, this becomes:
T(w;z— f(2) = f0)*T(w;z— z4+w) +5{f 2} _ Q
In physics lingo, this is usually expressed in the following terms: “Under the map z —

f (%), the stress-energy tensor transforms as 7'(z) — (0f)*T(f(z)) + S{/f. z}.”

Remark 15 The Schwarzian derivative also appears in the formulas which describe the
action of ¢ € Diff(S') on the universal central extensions of Xc(S'). Namely, for

(f,a) € CXc(SY), we have o*(f2,a) = (L2, a+ & [ L85 {p, 2} ).

Because the Schwarzian derivative vanishes on all infinitesimal coordinate transfor-
mations of the form z — z + ¢, 2 — 2z + €z and 2 — 2z + €22, it vanishes on the group
generated by them. Namely, on the group PSL(2, C) of fractional linear transformations.

Slogan: The Schwarzian derivative { f, z} is a version of the third derivative which mea-
sures the failure of f being a fractional linear transformation (just like f” measures the
failure of f being a quadratic polynomial).

Let (z) be a field of conformal dimension A. One way to say that o(z) is primary is
to say that it satisfies

plzjof)=f(0)%¢(z5) Vf:C-sC
That’s just a complicated way of saying that ¢(z) only depends on the vector 5'(0) € T,%.
An arbitrary field p(z) of conformal dimension A only satisfies

p(zjo (2 az)) =a%p(z;j)  VaeCX
There’s also an intermediate condition which is useful:
Definition: A field ¢(z) of conformal dimension A is called guasi-primary if

p(zijo f) = f(0)¢p(2:4)  Vfe PSL2,C), f(0)=0.
The stress-energy tensor 7'(z) is a quasi-primary field of conformal dimension 2.
The state-field correspondence for quasi-primary fields reads as follows:

Theorem. (State-field correspondence) There is a natural bijection

Quasi-primary fields PN States § € H s.t.
of conformal dimension A Lo(§) =Afand Li(§) =0 [~
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The Segal commutation relations

Let £ € H, be a finite energy vector, let ¢ be the associated field, let V' C H, be the
Virso-module generated by &, and let d € N be such that the action of Virsy on V/
descends to an action of Viry 4_; and hence to an action of the group Gi4. Let X be a
complex cobordism and let A € C(0;,X). By Lemma 14, we have a commutative diagram:

Ji3) Hom(U(A), U(Fg(/\))>
I ZeeGoy)
!
| 24
G- 24)
Vs = JIY x V
Gq

The dotted map is given by @, : [(1,7)] = Zs.,(j(0);j)» Where @, is the field associated
to 7. The map @, is holomorphic, and linear on the fibers of the vector bundle Vi, — 3.

Our next goal is to generalize the above picture to allow the insertion point z = 5(0)
to be on the boundary 0%. Assuming 3 is equipped with collars (see the picture (27)
below), we’ll upgrade (24) to a map

(25)

U0). V()

Dy i Vo= JIE X V - Hom(U()\), U(Fs(V)
d

Here, the cech on U(\) means that we make the space a little bit ‘thinner’, in a way that
we’ll explain below, and the hat on U (Fx;(\)) means that we make the space a bit ‘fatter”.

Remark: If ¢ is primary of conformal dimension A, then the vector space V' is one
dimensional, and V5, = T®2Y.

Let S be a circle. A collar is a piece of Riemann surface A in which S is analytically
embedded. Two collars S — A and S — B are equivalent if there exist open subsets
U C Aand V' C B containing S and an isomorphism U =2 V' that restricts to the identity
on S (by analytic continuation, such an isomorphism is unique provided it exists.) An
equivalence class of collars is the same thing as an analytic structure on S, i.e., a subsheaf
O%" C Og of the sheaf of smooth functions on .S which is locally isomorphic to the sheaf
of analytic functions on R.

Let S — A be a collar. Given two circles S1, So C A that are isotopic to S and such
that Sy is ‘in the future’ of S, we write Ag, g, for the part of A which lies between Sy
and Sy (Ag, s, is a thick annulus). For convenience, we abbreviate FAsl, 5 by Fys, s, and
Zas, s, bY Zs, s, For any object A € C(S), we can then define

Hy = lig U(Fgs(N)  and M= lim U(Fssn())
S’ in the S’ in the
past of S future of S
where the maps used to define the limits are given by Zg: s, : U(Fs_gls()‘)) — U(FS_;S()\))
and Zgn gy U(Fgsr()\)) — U(Fs,sy(A)), respectively.
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— ——
Ags — ~— Aggn

We then have dense inclusions Hy C Hy C H. 1

The advantage of working with the " and ~ versions is that the map

Zso1(m)mpnlzn) 2 UN) —> U(Fu(X)) (26)
is now well defined for all z1, . . ., 2,,, including on the boundary of X.. It is induced by the

maps ZE+7501(Z1),~-.,<pn(zn) : U(Ffii ()\)) — U<FAout (FE()\))), where X7 = A, UX U Aours
and A;, and A,,; are thin collars on the outside of >:

(27)

We also have maps

—~——— — o~

Zs. U = UFs(N)  and  Zy.:U(N) — U(Fs(N),
defined in the obvious way.

As a particular case of (26), for every circle with collar .S, and every point with local
coordinate z € .S, we have a map

gO(Z) : ]\:l/r)\ — ﬁ[)\

given by Zids,tp(z)'

Let Vg := J(gS X,V be asin (24), where Jg denotes the complexified jet space of .9,
and let ®g : Vs — Hom(H,, Hy) be as in (25). Given a smooth section f € ['(Q} ® Vs),
we define the smeared field [f]: Hy — H, to be the image of f under the map

10G. Segal suggests to add the axiom Hy = H, to the definition of a chiral CFT. Unfortunately, I think
that this is incompatible with the requirement that the representations be smooth in the sense of Remark 10.
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F(Q}g ® Vs) E F(Q}g & HOHI([:‘/[)\, f’\I)\)) i HOHl(?[A, ﬁk)

Remark: When ¢ is primary of conformal dimension A, then f is just a section of
T®A=DY (in particular, when ¢ is a current f is just a function). In that case, we can
rewrite ¢| f] in the following more intuitive form:

olf] = / £(2)p(2)dz.

A priori, ¢[f] is only a map from 7] )\ to H »- However, as far as I understand, when
working with nuclear Fréchet spaces, this always extends by continuity to a map

QO[f] 5 H)\ — H/\

In that sense, quantum fields are operator valued distributions. They are things which
take a test function f as input and produce an operator H, — H, as output.

Remark. When working with Hilbert spaces, a smeared field o[f] is typically not an
operator Hy — H). Itis only a map Hy — H), as well as a map Hy — H,. In other
words, it is an unbounded operator on H ).

Proposition. (Segal commutation relations) Let > be a complex cobordism, and let ¢
be a field. Then, for every holomorphic section f € Ty, (% @ V), letting fin, := f
and four = flo,..5, we have:

Olfoud) © Zs = Zs 0 @lfm). (28)

Oin2

Proof. Consider the image of f under the map

o).

Thot (% ® Vi) —225 Ty (91 ® Hom(U(N), U(Fs(V)))

—

Then @y (f)isa Hom((?(?), U(Fx())))-valued 1-form which is holomorphic on all of 2.

The integrals 22 o p[fin] = / Oy (f) and @[fou] © 2/2 = / Oy (f) are therefore
alnz aouz

equal by Cauchy’s theorem. 0J

Assuming that all smeared fields extend to maps H), — H,, the commutation relations

(28) simplify to:

‘P[fout] oZy = Zso (P[fm}

It is expected that, when 0% # (), the functor Fy, : C(9;,%) — C(0,u:2) is universal with
respect to the Segal commutation relations:
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Conjecture 16 Fix a chiral Segal CFT. Let > be a complex cobordism with non-empty
bondary, and let A € C(0;,%). Then, for every object 11 € C(0,,;2) and every linear map
C:UQ) = Ulp),

if for every field ¢ of the CFT and every holomorphic section f € T, (Q ® Vx),
the equation

Olfout] ©C = ¢ 0| fin]

holds,
then there exists a unique morphism & : Fx(\) — u such that

C:U(H)OFE.

The definition of the WZW model

Fix a gauge group G, with Lie algebra g, and a level £ € N. Recall that for every X € g,
the field associated to X Q) € H, is denoted J¥(z). Before going on, we’ll need the
following useful fact:

Proposition. For every smooth function f(z) =Y, _, [»z" on S', we have

s ) = D) X (29)

nel

21 21

Recall that, by definition, - J¥[f] = 2= / f(2)J*(2)dz, and that
S1

A | T X )z = 3 fa (o / ) X = 3 fuXa
st nez m,neL N St ~ nez
:(Sm,n
So (29) is equivalent to the statement
T(2) = ) Xzl (30)

neL

Unfortunately, I can’t really prove this... mostly because we haven’t defined the WZW
model yet (but also because I just don’t know how to prove it). I can only offer the
following partial proof:

Fartial proof. We prove (29) and (30) in the case of the vacuum sector, and after applying
these operators to the vacuum vector. Namely, we prove that the equation J~(2)Q2 =
3" X,27""1Q holds. Equivalently,

Zpgxi = P "X 0. (31)

n>0

Both sides of (31) make sense for z € D. So, by continuity, it’s enough to show that the
equation holds for z € D. And by analyticity, it’s enough to show that the equation holds
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for z € (—1,1). First of all, the two sides of (31) agree when z is zero: Z\D’JX 0 = X_1fL
Letting z; = tanh(¢), we show that both

(1—2)Zpyxey  and  (1—20)) 2/ X, 40 (32)

n>0

satisfy the ODE £ F(t) = (L_; — Ly)F(t), and therefore agree for ¢t € R, i.e., for
€ (—1,1). The vector field L_; — Ly = (2* — 1) integrates to the homomorphlsm

.__ cosh(t)z+sinh(¢)
teR— U, := S oosh() < PSU(1,1)

(up to a minus sign; see the remark on page 16), so the LHS of (32) satisfies the ODE
because R [ ‘ J \/1: primary of dimension one ‘

(1= 2/)Zpsx ) = Ui(Zp,sx(0)-
The RHS satisfies the equivalent ODE (1 — z%)LF(z) = (L_; — Ly)F(z) by direct
computation, using the commutation relations (11). Here’s a picture of the computation:

20 2t 22 23 A
I T |
X001 | | 1 ‘
21 w 7
X .0 1
32 l )- %l 3 Zl PB—
Loy — Ly X 30 1 1
T
I ] T
o N
)4 J-5
So the two sides of (31) agree for z € (—1,1). By analytic continuation, they therefore
agree for all z € D. U

What we can now do with the above proposition is use it to turn Conjecture 16
into a definition of the WZW models (at least a definition of the functors Fy and of
the linear maps Zy). Recall that the category associated to a 1-manifold S is given by
Repjes (ngk) where [/:g'—ék is the central extension of Lgg = C*°(S, g) associated to the

cocycle (f, g) = [(f, dg).

Definition: (deﬁmtlon of the WZW model) For X a complex cobordism, let us abbre-

viate Repm(Ldmggk) by Rep (Lgk m) and Repje: (ij\,;gk) by Rep (Lgk Ou,) Given a
positive energy representation

(V,p) = A € Rep (fgkzn)a

its image
((W,m) = Fs(\) € Rep(Lapour) s Zs:V = W)

under (Fy;, Zy;) satisfies the Segal commutation relations

T(fout) 0 Zs = Zx o p(fin)  Vf € O(X, gc),
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and it is universal in the sense that for every object (W', 7’) € Rep (/L\E;k,out) and every
linear map 7' : V' — W’ that satisfies

ﬂ-/(fout) oZ'=7'o ,O(fm) Vfe O(Ea gC)a

there exists a unique Lgy, ,,,-linear map x : W — W’ such that 7/ = k o Zy..

Open problem: Given two composable cobordisms >.; and X5, prove that the natural
map Fy,us,(A) — Fs, o Fyx, () is an isomorphism.

Now, why is this difficult?...
Well... for a universal construction to be well behaved, one needs the category in which it
takes place to be “big enough”. And, from that point of view, the positive energy condition
is very awkward. So what we’d like is to be able to perform the universal construction in
a bigger category (one which doesn’t include the the positive energy condition), and have
the result naturally satisfy the positive energy condition. But it’s not clear that that’s the
case...

The fusion product

When X is a pair of pants, Fy, is called the fusion product. This immediately raises the
question of... which pair of pants?

Let us use pairs of pants > embedded in C, where the boundary circles are round and
parametrized by z — az + b with a,b € R:

Y = (33)

8out2

Note that if A = @ is an annulus with boundary parametrized by z — az + b with

a and b real, then F4 is canonically trivialized. The trivialization is given by 7';, where
A € Univ(D)? is the canonical lift of A € Univ(DD) to an element of the universal cover
(using that a and b are real). By composing and un-composing a pair of pants (33) with
such annuli, one can reach any other pair of pants of the form (33) in a way which is
unique ‘up to homotopy’. So the fusion product

Fy - C(SY) x C(SY) — (Y

is well-defined, canonically up to canonical isomorphism.

The fusion product is visibly associative and unital, and it endows C(S') with the
structure of a monoidal category. But it’s more. It’s also braided and balanced.
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Definition: A monoidal category (C, ®) is braided if it’s equipped with a family of nat-
ural isomorphisms 3, : A ® p — p© ® X that satisfy the two hexagon axioms:

RIS

Definition: A braided monoidal category (C,®, () is balanced if it’s equipped with a
family of natural isomorphisms ¢, : A — A that satisfy 0,5, = 5,10 B0 (6) ®6,).
The isomorphism 6, is called the twist, are is denoted graphically by the full twist of a
ribbon. With that graphical notation in mind, the above axiom becomes:

Y

In terms of circles with holes, the braiding 5 and the twist # correspond to the motions

In order to deal with such motions, it’s important to relax the condition that the boundary
parametrizations be of the form z — az + b with a,b € R, and also allow a,b € C.
(The little black dots in the above picture are indicators of where 1 € S! goes under the
boundary parametrizations.)

Let C := C(S"), and let’s introduce the following moduli space:

Dln) = { (34)

n non-overlapping round circles in D with
0 parametrized by z — az + b with a,b € C.

For each disc configuration P € D(n), we get a functor Fp : C" — C, compatibly with
composition. Let us write P < P’ if every circle of P is contained in the corresponding
circle of P'.

Claim: for each homotopy class of path 7y : [0, 1] — D(n) from P, to P, there is an
associated invertible natural transformation 7%, : F'p, — FI'p,.

The construction of 7', goes as follows. Subdivide [0, 1] into small intervals [¢;, ;1]
and let P; := ~(t;). If the subdivision is fine enough, the circles of P; and of P
will have large overlaps. Pick P/ € D(n) such that P, = P/ < P, and write P/ =
P,U(AU...UA,) and P/ = P U (A} U...U A)) for suitable annuli A; and
A’ Provided we pick P/ close enough to P; and to P;yy, the annuli A;, A} € Univ(D)

come with preferred lifts Zj, ﬁ; to the universal cover of Univ(ID). We go from Fp, to
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Fpr = Fp, 0 Fiay15.04, by composing with the trivializations T~j, and we then go back to

Fp,., by composing with the trivializations 7'y, .
J

(35)

By finely triangulating the domain a homotopy 4 : [0, 1]> — D(n) between two paths 7,
and -y, from P, to P and playing a similar game as above, we can see that 7', : Fip, — Fp,
only depends on the homotopy class of .

The above arguments show that C is not only monoidal, but also braided, and balanced.
But it’s even more:

Definition: A monoidal category (C,®) is called rigid if every object A € C has a
left dual and a right dual. Here, a left dual is an object \V € C together with maps
ev: A ® A — land coev:1 — A ® A\ satisfying (1, ® ev) o (coev ® 1)) = 1, and
(ev® 1yv) o (1yv ® coev) = 1,v. Right duals are defined similarly. Even though this is
not obvious from the definition, being rigid is just a property (it’s not extra structure). In
other words, if an object has a dual (say a left dual), then any two duals are canonically
isomorphic.

Definition: A braided tensor category is called ribbon if it is balanced, rigid, and for
every object A € C, we have ev o (B,v ® 1)) =evo (1yv ®6,).

Definition: A braided tensor category is called modular if it is ribbon and the S-matrix
€3 A 18 invertible.

The category C = C(S?) that a chiral Segal CFT assigns to a circle is always modular,
but this is hard to prove. Showing that C is rigid is already very non-trivial. The only
proof that I know of genuinely uses the CFT (i.e., it uses the right column of the table on
page 9).!' It has been conjectured that the mere fact that C is part of a modular functor
(the left column of the table on page 9) should already imply that C is modular. But this
is an open question. It’s actually one of the big open questions in the field.

Remark. The fact that the circles were round in the definition of D(n) is not so im-
portant. What is important is that the parametrizations of the incoming circles extend to
holomorphic maps on I, so as to have A;, A’ in Univ(D) in (35).

""The proof is performed in the language of VOAs.
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2d chiral CFT as a boundary of 3d TQFT

We can generalize the moduli space (34) by replacing the disc D by an arbitrary complex
cobordism. Given a complex cobordism 2, let:

D2<n) = {
Then, for every P € Dx(n), we get a functor
Fzyp : C((?mE) QRC" — C(&th).

And for every path vy : [0, 1] — Dx(n) from P, to P, we get an isomorphism 77, : Fs; p, —
Fy, p,. Moreover, the isomorphism 7', only depends on the path v up to homotopy.

n holomorphic embeddings D — X
with non-overlapping images.

If we fix objects p1,..., 1, € C and interior points zy,...,2, € ) together with
rays p; C T,,%, we can always find embeddings f; : D — ¥ satisfying f;(0) = z; and
f1(0) € p;. This yields a point P € Dy(n), well defined up to contractible choice. The
functor Fx, p(— ® 11 ® ... ® p,) then agrees with what we had denoted

Moreover, given finite energy vectors &; € H,,, the corresponding charged fields ¢; are
maps
Zsor(eriiienzaiin) © UA) = U(Fomrion)ooin i) (V) (36)

provided j(0) € p;.

We’d like to say that ¢;(z;) depends holomorphically on z; (and on j;). This is a little
bit tricky to formulate given that the place in which (36) takes its values depends on z;
(and on j;). But it depends in a flat way, i.e., it’s a vector bundle with flat connection over
the moduli space of z;’s and p;’s. So we can locally trivialize the right hand side of (36)
and pretend that all the o;(z;) take their values in the same space, at least locally in z;
and p;.

Thinking more globally, we can make sense of the statement

Z5,01 (21530 (oniin) (1) € U (FS iy (wrip)opin (wnipn)(A)) - for neUR)  (37)

whenever we are provided with a (homotopy class of) path from (z;; j1(0)), ..., (2,;4,(0))
to (w15 p1), - - 5 fn(Wn; prn). The picture which I wish to associate to (37) is the following:




Here, the path v : [0,1] — D(n) is interpreted as a ribbon braid v = (v, . ..,,) inside
¥ x [0, 1], connecting the points (wy,...,w,) C X x {0} to the points (z1,...,2,) C
Y x {1}. The fact that we could draw things as we did is a manifestation of the fact
that a chiral conformal field theory sits at the boundary of a 3d topological field theory.
The surface on which we drew the z;’s carries the chiral CFT, whereas the bulk, namely
¥ x [0,1), is where the 3d TQFT lives.

In the special case 0% = (), A = 13, n = 1, one can rewrite (37) as follows:

<<P1 (Zl)a S 7§0n<zn)>zﬁl € HZ,ul(wl) ..... o (W) - (38)

----- Tn

77777 4 (wy) 18 just an equivalent name for the finite dimensional vector space
U(Fs i (w1),...pm(wn) (1) ). For charged fields, the correlator (pq(21), ..., ¢n(2,)) doesn’t
just depend on the points z; (and the local coordinates j;), but also on the ribbon braid ~.
(And if you were to try to think of it as a function of just the z; and the j;, then it would
become a multivalued function.)

As before, a conformal block is a linear map B : Hy, ()

correlation function

..... un(wn) — C, and the

<g01(21), . cpn(zn)>2’87%m,% e C.
is the image of (38) under that map.

Let ¢(2) be a field of charge p which is primary. Then we have
o(z;av) = a®p(2;0) forv € T,% (39)

as in (13). But the point z now has a ribbon attached to it, so a lives no longer in C* but
instead in the universal cover of C*. Correspondingly, the conformal dimension A is no
longer an integer. It is an eigenvalue of the action of L, on H . Namely, it is a number of
the form A, +n, where h, is the minimal energy of H,, and n € N is a natural number. For
example, if a = e*™ then a® = (e*™)* = 0§, is the conformal spin of ;1 (which is equal
to the twist of z, coming from the fact that C(S*') is balanced). Equation (39) becomes:

mtatebvﬁl
—er— —er— —
| - T =0T |

Let M, ,, be the moduli space of closed Riemann surfaces ¥ of genus g with n marked
points wy, . .., w, together with rays p, C T3,3. The fiber of the map M ,, = M, =
Mo [Note that M, is not a space but something slightly more general, called a stack]
over a Riemann surface ¥ € M, is the configuration space Confy(n). The latter is a
space which is homotopy equivalent to the space Dx(n) defined above. So we have a
fiber bundle

Confg(n) — Mg,
! (40)
My
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Fix objects yi1, ..., p, € C. Then

(27 (wi,...,wy,)) = H 1y (w1t (10

is a vector bundle of finite rank over M, ,, called (the dual of) the bundle of conformal
blocks. Its fibers are called the (dual) spaces of conformal blocks.

The trivializations 7'; (see Table 1 on page 9) equip the bundle of conformal blocks
with a flat projective connection. What this means is that the mapping class group
m(M,,,) acts projectively on spaces of conformal blocks. Moreover, by the construc-
tion described in (35), that flat projective connection admits a lift to an honest (i.e. non-
projective) flat connection in the direction of the fibers of (40). What this means is the
above action of the mapping class group restricts to an honest action of the surface ribbon
braid group 7 (Confyx(n)).
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