
More About the Yang-Baxter 
Equation



• By doing the following change in notation:

𝑅′′𝑎𝑏 → 𝑅12 𝑅𝑎𝑖 → 𝑅′13 𝑅′𝑏𝑖 → 𝑅′′23

The Yang-Baxter equation looks like:

𝑅12𝑅′13𝑅′′23 = 𝑅′′23𝑅′13𝑅12

In components:

 

𝑗1,𝑗2,𝑗3

𝑅𝑗1𝑗2
𝑘1𝑘2𝑅′𝑖1𝑗3

𝑗1𝑘3𝑅′′𝑖2𝑖3
𝑗2𝑗3 =  

𝑗1,𝑗2,𝑗3

𝑅′′𝑗2𝑗3
𝑘2𝑘3𝑅′𝑗1𝑖3

𝑘1𝑗3𝑅𝑖1𝑖2
𝑗1𝑗2

*Image taken 
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• Using the parametrization:

𝑎 = 𝜌 sinh 𝜆 + 𝜙 𝑏 = 𝜌 sinh 𝜆 c= 𝜌 sinh 𝜙

Δ = cosh𝜙

We can parametrize 𝑅 = 𝑅(𝜆), 𝑅′ = 𝑅(𝜆’) and 𝑅′′ = 𝑅(𝜆’’) 

• The Yang-Baxter equation is now:

𝑅12(𝜆)𝑅13(𝜆 + 𝜆
′)𝑅23(𝜆

′) = 𝑅23(𝜆
′)𝑅13 𝜆 + 𝜆

′ 𝑅12(𝜆)



• RTT=TTR relation in components:

 

𝑗1,𝑗2

𝑅(𝜆 − 𝜆′)𝑗1𝑗2
𝑘1𝑘2𝑇(𝜆)𝑖1

𝑗1𝑇(𝜆′)𝑖2
𝑗2 = 

𝑗1,𝑗2

𝑇(𝜆′)𝑗2
𝑘2𝑇(𝜆)𝑗1

𝑘1𝑅(𝜆 − 𝜆′)𝑖1𝑖2
𝑗1𝑗2

• Similar to the Yang Baxter equation for the R matrices.
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Liouville’s Theorem

• If a system with a phase-space of 
2𝑛 dimensions, has 𝑛 functions 𝐹𝑖 such that:

𝐹𝑖 , 𝐹𝑗 𝑃.𝐵.
= 0

The system can be solved by quadratures.
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