
CATEGORIES STRING DIAGRAMS

A category ismonoidal (one also says
tensor, when in a linear context) if it
has a product functorX, Y 7→ X ⊗ Y , an
associatorα : (X⊗Y )⊗Z ∼= X⊗(Y ⊗Z)
natural inX, Y , Z making the pentagon
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a unit object1, and natural isomorphisms
X ⊗ 1 ∼= X ∼= 1 ⊗ X making the triangle
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commute.

A category isbraided if it is monoidal and
has a braidingβ : X ⊗ Y ∼= Y ⊗ X,
natural inX andY , making the hexagon
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commute,

and also the version of that axiom withβ−1

in place ofβ.

A category issymmetric monoidal if it is
braided andβ2 = 1.

A monoidal category isrigid if every ob-
jectX has left& right duals. A left dual is:
(X∗, e :X∗

⊗ X → 1, c :1 → X ⊗ X∗) s.t.
(1⊗ e) ◦ (c⊗1) = 1, (e⊗1) ◦ (1⊗ c) = 1.
Right duals are defined similarly.
Note that being rigid is just a property.

A tensor category isfusion if it is rigid,
semisimple, and has finitely many types of
simple objects.

A category isbalanced if it is braided and
has twistsθX : X ∼= X, natural inX, sat-
isfying θ1 = 1 andθX⊗Y = (θX ⊗θY )◦β2.

A category isribbon if it is balanced, rigid,
andev ◦ (θ ⊗ 1) = ev ◦ (1 ⊗ θ).

A category ismodular if it is ribbon and
theS-matrix [ i j]

ij
is invertible.

Monoidal. planar, strands only go down:
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f : X ⊗ T → V

g : Y → T ⊗ U

h : U → 1
· · ·

Braided. things are now in 3dim, strands
go down, coupons not allowed to rotate:
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use β for
and β−1 for

Rigid. planar, strands may bend up and
down, coupons not allowed to rotate:
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Balanced. ribbons instead of strands, only
down, coupons may rotate aroundz-axis:
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useθ for

Ribbon. ribbons in 3-space, all 3-dimen-
sional isotopies are now allowed:
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